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Abstract

We review the main physical and mathematical properties of dispersion-managed (DM) optical solitons. Theory
solitons can be presented at two levels of accuracy: first, simple, but nevertheless, quantitative models based on
differential equations governing evolution of the soliton width and phase parameter (the so-called chirp); and se
comprehensive path-average theory that is capable of describing in detail both the fine structure of DM soliton form
evolution along the fiber line. An analogy between DM soliton and a macroscopic nonlinear quantum oscillator mode
discussed.To cite this article: S.K. Turitsyn et al., C. R. Physique 4 (2003).
 2003 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Nous passons en revue les principales propriétés physiques et mathématiques des solitons dits managés par la
(DM). La théorie des solitions DM peut être développée selon deux niveaux de précision : le premier relève de modèles
mais toutefois quantitatifs, tels que basés sur des équations différentielles ordinaires gouvernant les deux paramètr
que sont la largeur temporelle et la phase (le soit-disant ‘chirp’ ou dérive temporelle de fréquence) ; le deuxième relè
théorie poussée de cheminement-moyen, laquelle est en mesure de décrire en détail et la structure fine de l’enveloppe
DM, et son évolution tout au long de la ligne de fibre. Nous présentons également une discussion sur une analogie en
soliton et un modèle d’oscillateur quantique non-linéaire à l’échelle macroscopique.Pour citer cet article : S.K. Turitsyn et al.,
C. R. Physique 4 (2003).
 2003 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS. Tous droits réservés.
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1. Introduction

The soliton is one of the fundamental unifying ideas in modern theoretical physics and mathematics [1–10].
the past few decades soliton theory has been applied to numerous practical and fundamental problems in areas
as hydrodynamics, plasma, nonlinear optics, molecular biology, field theory, and astrophysics. Because of their
and robustness, solitons provide a convenient and adequate language to describe many nonlinear phenomena
the term soliton (formed from Latinsolitarius – solitary) is used in a variety connotations in physics and mathematic
the mathematical literature this term is typically associated with particle-like solutions of integrable equations that
elastically and regain their forms after collisions. In physics and in applications we usually are not really concern
the integrability (and hence with a strict definition of soliton) of the mathematical models involved, because anyway,
careful consideration of practical perturbations or realistic boundary conditions leads to non-integrable systems. Fo
many characteristics of the soliton that are important for applications are not related to its strict mathematical defin
integrability. Non-integrable nonlinear models can possess solutions corresponding to spatially or temporally coherent,
structures. If such localised objects/solutions are stable and robust, or at least are observable, having a reasonably l
time (or distance), they are often also called solitons in the physical literature. Stable particle-like behavior is the key
in such a physical definition of a soliton. We use here the term soliton for a localized (in time) electromagnetic wave
propagate without significant distortion of its form even in the presence of a substantial nonlinear response of the w
medium.

An impressive practical implementation of the soliton concept has been achieved in fiber optics, where soliton pu
used as the information carriers (elementary ‘bits’) to transmit digital signals over long distances. Optical soliton resea
of innovative spirit, has recently arrived at the stage of a first real-world implementation of the soliton concept in commu
systems. Realization of soliton-based transmission has clearly demonstrated how the results of the fundamental soli
can be successfully exploited in very important practical applications. On the other hand, the experimental implemen
DM soliton fiber transmission lines and the increasing demand for capacities of communication systems has stimulate
research in soliton theory.

Linear optical fiber communication technologies are essentially based on the same principles as radio frequency
Soliton-based (or generalnonlinear) fiber communication systems are fundamentally different, because they make p
use of such an inherent fiber property as nonlinearity. Rapid progress in nonlinear lightwave communications is stimu
increasing demand for telecommunications services. Practical and research interest is directed mostly toward two m
development of effective high capacity long-haul transmission systems and the upgrade of existing terrestrial fiber n
There are two principal approaches to overcome these limitations: in the first (that can be called ‘linear’) both the ch
dispersion and nonlinearity are considered to be detrimental factors while in the second the nonlinear and dispersi
are counterbalanced (such systems can be called ‘nonlinear’). Nonlinear effects that are detrimental in the ‘linear’ sys
be used to improve transmission characteristics of optical communication systems. For instance, in soliton transm
effects of nonlinearity and chromatic dispersion are balanced making positive use of the nonlinearity. Recall that there
major factors that cause optical signal degradation and distortion in long-haul high bit-rates fiber communication syste
loss, group-velocity dispersion (GVD) and nonlinearity. Signal power attenuation can be compensated using the opt
amplifiers (though recovery is not complete, because amplified spontaneous emission noise is added to the signal,
signal-to-noise ratio). Revolutionary development of thenonlinear lightwave communications has been triggered by advent
deployment of optical amplifiers [11] providing periodic amplification of optical signals. Until the advent of the erbium-
fiber amplifier (EDFA) optical signals were regenerated electronically to overcome the attenuation in the silica fiber. El
regenerators have two important drawbacks: they are expensive and they limit system performance, because each
can operate at only one predetermined bit-rate, in one data modulation format and at one operating wavelength. Be
EDFA amplifier has many important advantages (such as large bandwidth, high gain, simplicity and others) over optoe
regenerators, they quickly became the amplifier of choice in communication systems. As a result, fiber loss is no longe
limitation in optical fiber transmission and the performance of optical amplifier systems is then limited by chromatic dis
and nonlinearity. Note that whereas a regenerator re-creates a perfect digital output signal, the fiber amplifier uses w
receives. Therefore, dispersive pulse broadening and other degrading effects are accumulated along a fiber line.

2. Physical medium: fiber waveguide dispersion and nonlinearity

A light pulse is an electromagnetic wave packet built from a continuum of elementary optical carriers oscillating at d
frequencies. In other words, any optical wave-packet contains a range of frequency components. Since any optical
dispersive medium, each of these spectral components travels at different group velocities, causing the pulse energy
over time as the pulse propagates through the medium. Fiber group velocity dispersion is measured either in units of pic
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squared per kilometer or picosecond per kilometer per nanometer. Roughly speaking a pulse with the bandwidth 1 nm
by corresponding number of ps over 1 km. Dispersion can be positive (this means that low frequencies travel at
speed than high frequencies) or negative (in this case high frequencies propagate at a higher speed than low freque
dispersion of standard single mode fiber is positive (normal) for wavelengths shorter than 1300 nm and negative (an
for wavelengths longer than 1300 nm. Standard monomode fiber (SMF) has dispersion of about 20 ps2/km at wavelength
1550 nm. Corresponding dispersive spreading of 10 ps pulse in SMF after 125 km is about 50 ps or, in other words
its original width. Such a large spreading can lead to overlapping of neighboring bits and consequently to degradati
information signal. Linear signal distortion caused by the GVD in fiber transmission systems can be almost suppr
the dispersion compensation (mapping) technique. Optimisation of the system performance in the case of a linear tra
requires minimisation of the chromatic dispersion of the line. This can be achieved by operating close to the zero disper
or/and additional compensation of the accumulated dispersion. The idea to use a compensating fiber to overcome
of the transmission one has been proposed in 1980 [12]. In the low power (linear) regime, compensation of dispersio
prevent dispersive broadening of the signal in the transmission fiber by the compression in the compensating fiber. An a
advantage is that the impact of the four-wave mixing on a signal transmission is suppressed due to the reduction of the
of the phase matching. The dispersion compensation technique has been used successfully both in long-haul comm
systems and in the existing terrestrial optical links, most of which are based on standard telecommunication fiber w
dispersion in the second optical window (at 1550 nm). The basic optical-pulse equalising system consists of a tran
fiber (i.e., standard monomode fiber in the installed links) and equaliser fiber with the opposite dispersion (e.g., d
compensating fiber (DCF) in the case of the transmission fiber with anomalous dispersion) [12].

In the linear (low power) systems dispersive broadening can be eliminated by dispersion compensation. How
nonlinear effects can still be the primary reason for signal degradation especially in long-haul transmission syste
response of the optical medium is not exclusively linear. The fiber refractive index instantaneously increases by an
proportional to the optical power (Kerr effect). Modulation of the optical power leads to the corresponding modula
the index. For instance, a high power light pulse increases the refraction index with corresponding change of th
of the propagating pulse. This is the so-called self-phase modulation effect. The nonlinearity can delay the ‘fast’
components relative the ‘slow’ carriers. As a result, the nonlinearity counterbalances the effect of dispersion broade
the optical pulse becomes self-trapped. When nonlinearity and dispersion balance each other the pulse preserve
during propagation. Optical soliton was proposed by Hasegawa and Tappert in 1972 [13]. In 1971 Zakharov and
demonstrated [14] integrability of the nonlinear Schrödinger equation – the basic mathematical model that someho
the theoretical background of the fiber optic communications. The first experimental observation of optical solitons
have been realized in 1980 by Mollenauer et al. [15].

It is important to point out that one hardly can expect that the ideal soliton theories will be capable of describing
practical real-world transmission systems. So why then do we think that DM soliton theory could be of any inte
system designers? Optimization of the optical transmission system parameters is a crucial task for the design of fi
Usually, time-consuming numerical simulations are required to find optimal operating regimes and optimal system pa
Comprehensive investigation of stable regimes and their tolerance in multi-dimensional parameter space is limite
computational time required for optimizations. The most natural characteristic of system performance is the bit-e
(BER). Direct numerical modeling of BER as small as required 10−9 is not feasible with currently available computer ba
Therefore, it is of great interest to develop efficient and reliable indirect numerical and statistical methods to evaluat
performance. Limiting system analysis by consideration, for instance, of periodically recovered carrier only, one can gai
a possibility of an advanced time-efficient optimization. Taking advantage of simple semi-theoretical methods well de
for DM solitons one can optimize parameters of the system and input signal before applying full numerical modeling.

3. Traditional optical soliton

In the general case, signal transformation along the fiber line is caused by a combined action of dissipation and amp
dispersion and nonlinearity and cannot be described in a simple way. However, under certain conditions, stable so
dynamics is possible even taking into account fiber loss. Under effect of periodic amplification solitons can undergo su
power variations without losing their integrity.

Let us first recall the main features oftraditional soliton fiber communication lines without (or with a weak) dispers
management. The design of long-haul lightwave communication systems assumes utilisation of periodically installe
erbium-doped fiber optical amplifiers to compensate a carrier signal attenuation in the transmission fiber. Averag
dispersive broadening of the pulse propagating in the anomalous dispersion region can be exactly compensated by th
phase shift. Thus, a traditional fundamental optical soliton relies on a balance between self-phase modulation and a
second-order dispersion that allows it to preserve the carrier signal shape over thousands of kilometers. Note that th
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use of the nonlinearity can also be achieved in a general return-to-zero (RZ) transmission with the rectangular car
occupying half of the bit period in the anomalous dispersion region. The important feature of such systems is that the
spacing is considerably shorter than the characteristic dispersion and nonlinear lengths, and therefore, both the disp
the nonlinearity can be treated as perturbations on the scale of one amplification period. To leading order, only the fibe
the periodic amplification are significant factors affecting the pulse evolution between two consecutive amplifiers. Thes
cause the power oscillations, while the form of the pulse remains approximately unchanged. On larger scales nonline
dispersion come into play and the pulse propagation in such communication systems is described by the well establis
average (guiding-centre) soliton theory [16–18]. The average dynamics of the optical signal in this case is given to lead
by the integrable [14] NLS equation for the envelope of the electric fieldA:

i
∂A

∂z
+ 1

2

∂2A

∂t2
+ |A|2A= 0. (1)

Here the typical problem to be addressed is a Cauchy problem:A(0, t)=A0(t) and we are interested in the evolution of t
fieldA(z, t) with z. Soliton solution of this equation has the well-known form

A(z, t)= η sech[ηt]exp

(
iη2z

2

)
. (2)

Integrability of the path-averaged model makes it possible to use well-developed mathematical techniques to
effects of numerous practical perturbations and boundary conditions. Solitons take advantage of their ‘particle-like
An important consequence of this feature is that the solitons are robust in the presence of various perturbations
loss, filtering, non-perfect launch conditions an so on) and the perturbed pulses will eventually evolve into stable
The traditional soliton approach allows error-free transmission over transoceanic distances with 10 Gb/s and higher rate
per channel [19]. Note that in recent years, impressive results have been achieved in high-bit-rate optical commu
both using the linear transmission concept and the soliton-based optical signal transmission. The critical issue fo
transmission is the soliton control. Traditional soliton transmission requires some form of the soliton control [20
overcome an inherent limitations of this method. Major limitations on the conventional soliton transmission are timing (
and Haus [22]) jitter, soliton interaction and four-wave mixing. Further progress in soliton communication systems h
achieved by using dispersion-management [23–67]. New results are reported continuously in this field and further rapid
is expected, therefore, we do not aim here to present a comprehensive review of numerous works in this field or to
the latest record experimental results. Instead, we will focus in the following sections on the general aspects of DM
theory.

4. Dispersion-managed solitons

Though dispersion management was applied originally in low-power (linear) transmission systems, it has been di
recently that this technique is also a very promising way to increase transmission capacity of the soliton-based comm
lines. A transmission line constructed from alternated fibers with anomalous or normal dispersion has a low path-
chromatic dispersion, but a high local one, thereby suppressing the Gordon–Haus timing jitter as well as the four-wav
efficiency simultaneously. In [23] it has been proposed to incorporate a section of dispersion compensating fiber
standard periodic soliton transmission line, before each amplifier. This was perhaps the first formulation in the liter
the idea of dispersion-managed soliton transmission, even though a clear theoretical and practical description of th
was not presented until few years later. It has been shown in [23] that this new (for the soliton systems) technique
the power required, compared to an uncompensated (constant dispersion) soliton system, and increases both the
transmission distance and the range of pulse width over which operation is possible. In the first related experimental w
it has been demonstrated that the dispersion management leads to a significant reduction of the Gordon–Haus tim
It should be pointed out that a similar idea of stretched pulses generation in a loop (periodic) laser system with
dispersion has been proposed in [28]. In [29,30] the dispersion-managed pulse has been identified as a new in
carrier – a stable periodic breather with features very different from that of the conventional soliton. A path-averag
and a simple approximate method to describe breathing DM soliton dynamics resulting from the interplay between
dispersion and nonlinearity has been developed in [30]. The importance of pulse chirping to reduce the chromatic d
penalty and to improve transmission capacity of DM systems has been pointed out in [43]. The energy of the dis
managed soliton is enhanced [29] in comparison with a fundamental soliton (soliton solution of the NLSE) of th
width corresponding to the same path-averaged dispersion. This energy enhancement is the important feature of D
leading to the increase of the signal-to-noise ratio (SNR) with substantial improvement of the system performance [2
variations of the dispersion (strong dispersion management) strictly modify the soliton propagation fundamentally, i
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breathing-like oscillations of the pulse width during the amplification period. This dynamics differs substantially fro
path-averaged (guiding-centre) soliton propagation in systems with constant or weakly varying dispersion and from th
traditional fundamental soliton (the soliton solution of the integrable NLS equation [14]). Nevertheless, numerical sim
and experiments have demonstrated that it is possible to observe extremely stable propagation of a breathing solito
links with strong dispersion management. Pulse dynamics presents rapid oscillations of the power and width on the am
distance, and slow evolution on the larger scales due the fiber nonlinearity and residual dispersion [30]. Presumably
is the most important feature of the dispersion-managed soliton [43,30]. Soliton chirp leads to a fast rotation of the
phase shift between neighbouring solitons resulting in the suppression of interaction. An important consequence of
of the dispersion-managed soliton is that the input signal launched into the transmission line should be either chirpe
or launched at some specific points of the dispersion map (for the case of transform-limited input pulse) [32,67,59]. T
surprising feature of the DM soliton is that it can propagate stably along a transmission line with zero or even normal
dispersion, in contrast to the fundamental soliton that propagates stably only in the anomalous dispersion region [
feature is extremely interesting, because the transmission of the finite energy pulse close to the zero dispersion p
advantage of the suppressed timing jitter. Recall that the energy of the traditional fundamental soliton is proportion
average chromatic dispersion. Therefore, to keep the signal-to-noise ratio large enough one has to operate not to
the zero-dispersion point. On the other hand, a timing jitter resulting from the Gordon–Haus effect [22] is proportiona
fiber dispersion and it is preferable to transmit solitons at wavelengths close to the zero dispersion point. Thus, it w
desirable to produce a finite energy soliton pulse in the region of the low fiber dispersion. A possibility to transmit a DM
at very low average dispersion allows one to reduce timing jitter for a number of channels which is of a crucial imp
for WDM transmission. All the listed features make clear the difference between breathing soliton-like pulse in a syst
dispersion compensation and the soliton of the NLSE. As a particular consequence of this, an average model descri
averaged (slow) evolution of the breathing DM pulse should differ from the NLSE (that governs path-averaged dynami
fundamental soliton). In other words, the dispersion management imposes such a strong perturbation that a carrier pu
case is no longer the NLSE soliton. In the case of a weak dispersion management a powerful Lie-transform technique
applied to describe properties of the carrier pulse (dressed soliton) [50].

In Fig. 1 the evolution of a DM soliton during one section in normal (bottom) and logarithmic (up) scales is show
bottom figure demonstrates self-similar-like compression and recompression of the soliton. In the logarithmic scale
that at the linesz = 0 andz = 0.5 there exist some dips corresponding to the points at which the soliton power|A(z, t)|2
approaches zero (and consequently, the logarithm of the power tends to minus infinity). Note that the oscillations
the main peak cannot be completely suppressed because they present an inherent part of the DM soliton. Comp
mathematical theory of nonlinear wave propagation in systems with rapidly varying (including the principal case o
amplitude variations) dispersion has been presented in [30,67,50,60]. Numerical simulations and experiments have re
following main features of the DM soliton:

– the width and chirp (characteristic of the phase of the pulse) experience large oscillations during the compensati
leading to ‘breathing-like’ soliton dynamics;

– the shape of the forming asymptotic pulse is not always a sech shape as for the NLSE soliton, but varies with the
of the strength of the map from a sech shape to a Gaussian shape and to a flatter waveform. The pulse shape v
the compensation section from a monotonically decaying profile to a distribution with oscillatory tails;

– the time-bandwidth product varies with an increase of the map strength (that is a measure of the dispersive br
proportional to the difference of the local dispersions times the fiber lengths and inversely proportional to the squa
pulse width) from 0.32 corresponding to the sech-shaped NLSE soliton to 0.44 corresponding to the Gaussian pulse a
increases further with increase of the map strength;

– the energy of the stable breathing pulse is well above that of the NLSE soliton with the same pulse width an
corresponding average dispersion;

– DM soliton can propagate at the zero path-average dispersion and even in the normal dispersion region;
– the central part of DM pulse is self-similar, but the far-field oscillating (and exponentially decaying) tails are not.

Recent developments in fiber-optic communications have demonstrated that dispersion management makes the
soliton transmission close to those of non-soliton transmission [27,26,51]. It is already recognized that the dispersion-
soliton presents a novel attractive type of a nonlinear carrier of information in optical fiber links. In the following sectio
briefly overview the theory of DM solitons.
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Fig. 1. Evolution over one compensation period of DM soliton shown in normal (lower) and logarithmic (upper) scales. In the leading
dynamics is self-simlar (lower) and is given by Eqs. (20), (21). It is seen that the dips appear at the beginning (end) and in the mid
considered symmetrical periodic cell. Dispersiond(z)= ±d + 〈d〉 with d = 5 and〈d〉 = 0.15, power is normalized byP0 = 1 mW.

5. Basic mathematical model and normalizations

The optical pulse propagation in a cascaded transmission system with varying dispersion is governed by

i
∂E

∂z
− 1

2
β2(z)

∂2E

∂t2
+ σ(z)|E|2E = i

[
−γ (z)+ rk

N∑
k=1

δ(z− zk)

]
E = iG(z)E.

Herez is the propagation distance in [km],t is the retarded time in [ps],|E|2 = P is the optical power in [W],β2 is the first
order group velocity dispersion measured in [ps2/km]. We writeσ , β2 andγ as functions ofz to account for the change of the
parameters from fiber to fiber. It is customary to express the coefficientβ2 in terms of the associated dispersion parameterD by
β2 = −λ2

0D/(2πcl), wherecl is the speed of light andD is measured in ps/(nm·km). We denote the nonlinear coefficient b
σ = (2πn2)/(λ0Aeff), wheren2 is the nonlinear refractive index,λ0 is the carrier wavelength,Aeff is the effective fiber area
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Zk are the amplifier locations. For simplicity, we consider below a periodic amplification with the periodZa . If γ is constant
between two consecutive amplifiers, thenrk = [exp(γkZa)− 1] is an amplification coefficient after the fiber span between
k-th and(k−1)-th amplifier. The loss coefficientγk = 0.05 ln(10)αk accounts for the fiber attenuation along a fiber span be
the k-th amplifier, whereαk is given in dB/km. Note that distributed amplification can be easily incorporated into the m
through an appropriate gain/loss functionγ (z).

High local dispersion significantly changes pulse dynamics in comparison to systems with a constant group
dispersion even if the path-average dispersions are identical. A slow (average) dynamics on the large scales is d
by the effects of nonlinearity, residual (path-averaged) dispersion and average effects of the fast dynamics. It is cus
make the following transformationE(z, t) = √

P0A(z, t)exp(
∫ z
0 G(z

′)dz′). The evolution of the optical signal envelopeA
along the cascaded fiber transmission system is then given by the NLS equation with periodic coefficients that can be
the following form:

i
∂A

∂z
+ d(z)

∂2A

∂ t2
+ εc(z)|A|2A= 0. (3)

We introduce here the following normalization:z is normalized to a lengthZ0 (in km) defined below; timet is measured in
some time constantt0 (in ps) that can be specified for each specific problem; an envelope of the electric fieldE is normalized
to the power parameterP0: |E|2 = P0 |A |2 exp(2

∫ z
0 G(z

′)dz′). Function

d(z)= d̃(z)+ 〈d〉 = −β2(z)Z0

2t20
= λ2

0Z0D(z)

4πcl t
2
0

describes periodic compensation of dispersion (with the periodL in physical units). In what follows we will use both physic
and normalized dispersions. Periodic (with the periodZa in real world units) function

εc(z)= c̃(z)+ 〈c〉 = 2π n2P0Z0
exp(

∫ z
0 G(z

′)dz′)
λ0Aeff

= 2πn2P0Z0
exp[−2γ (z− zk)]

λ0Aeff

for zk � z < zk+1 = zk + Za describes the power variation due to fiber loss and amplifier gain that is accounted th
transformation of the pulse power at junctions corresponding to the locations of the optical amplifiers. The ampl
distanceZa in general can be different from the compensation periodL. We consider a general case whenL andZa are
rational commensurable, namely,nZa = mL = Z0 with integern andm. This includes as particular limits all known an
studied cases and allows us to describe a novel regime with short-scale (L � Za) management. The distancez = Z/Z0 is
normalised in Eq. (1) by a minimal common periodZ0 of the functionsd andc and the averaging throughout the paper is o
this period. In the normalised units 1-periodicd andc have basic periods 1/m and 1/n respectively. The small parameterε is
proportional to the pulse power. Eq. (1) possesses the conserved quantityE = ∫ |A|2 dt which is related to the energy of th
system. The optical pulse dynamics in the dispersion-managed transmission systems is determined by the combine
the fiber loss and periodic amplification, self-phase modulation and varying chromatic dispersion. It should be pointed
these effects are not additive and pulse evolution critically depends on the order in which dispersion compensation is
Strong interference of the effects of nonlinearity and varying dispersion leads to a rich variety of possible configura
dispersion management.

There are two important limiting cases in modeling optical transmission with dispersion management. In the lo
transmission system a period of the dispersion map can be much larger than the amplification distanceZa � L. The inclusion
of periodic amplification and dispersion compensation can be handled as separate problems, provided that the am
distance is substantially different from the period of dispersion map [32]. Therefore, signal dynamics can be avera
amplification period and an averaged propagation will be described in this limit by the lossless NLS equation with
dispersion. We call this limit thelossless model. Obviously, this consideration includes fiber loss, but the average model for
is similar to a pulse propagation in lossless fiber. This justifies consideration of the lossless model that is as a matte
problem with different scales of power and dispersion compensations. In the second limit, amplification period is of the
the compensation period. The most simple and practical variant is to use a bobbin with compensating fiber just at the
location station:Za = L. This limit is important in the problem of the upgrade of the existing terrestrial fiber links base
standard telecommunication fiber having high dispersion at 1550 nm.

6. Path-average theory of DM soliton

In this section, we overview results obtained in [30,37,40] where path-average DM soliton propagation equatio
spectral domain has been derived. Note that averaging can be performed by different methods that are essential
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different presentations of the same procedure: Hamiltonian averaging [37,41,42], Lie-transform [40], multi-scale expan
and other methods. A comprehensive description (including calculations of the higher-order terms) of the averaging u
transform can be found in [40].

Note that normal averaging cannot be applied to Eq. (1) directly because of a large variation of dispersiond(z). Therefore,
first, to eliminate the periodic dependence of the linear part we apply following [30,37] the so-called Floquet–Ly
transformation

Aω = φω exp
{−iω2R0(z)

}
,

dR0(z)

dz
= d(z)− 〈d〉. (4)

HereAω =A(ω, z) is a Fourier transform ofA(t, z)= ∫
Aω exp[−iωt]dω. In the new variables the equation takes the form

i
∂φω

∂z
= 〈d〉ω2φω − ε

∫
Gω123δ(ω+ ω1 − ω2 − ω3)φ

∗
1φ2φ3 dω1 dω2 dω3, (5)

hereGω123(z) = c(z)exp{i&ΩR0(z)} is 1-periodic and&Ω = ω2 + ω2
1 − ω2

2 − ω2
3. Note thatGω123 depends only on the

specific combination of the frequencies given by the resonance surface&Ω . Both the Fourier and the Floquet–Lyapun
transform (4) are canonical and the transformed HamiltonianH can be written

H = 〈d〉
∫
ω2|φω|2 dω− ε

∫
Gω123

2
δ(ω+ ω1 − ω2 − ω3)φ

∗
ωφ

∗
1φ2φ3 dωdω1 dω2 dω3. (6)

Now we apply Hamiltonian averaging [37]. Let us make the following change of the variables

φω = ϕω + ε

∫
Vω123δ(ω+ ω1 − ω2 − ω3)ϕ

∗
1ϕ2ϕ3 dω1 dω2 dω3,

hereVω123(z)= i
∫ z
0 [Gω123(τ)− Tω123]dτ + iVω123(0), (〈Vω123〉 = 0) with

Tω123= 〈Gω123〉 =
1∫

0

c(z)exp
{
i&ΩR0(z)

}
dz. (7)

In the leading order inε, a path-averaged equation has the form (Gabitov and Turitsyn [30]):

i
∂ϕω

∂z
= 〈d〉ω2ϕω − ε

∫
Tω123δ(ω+ ω1 − ω2 − ω3)ϕ

∗
1ϕ2ϕ3 dω1 dω2 dω3. (8)

This is the basic model of the DM soliton theory. This model has many interesting properties that have been discuss
37,41,42]. The corresponding averaged HamiltonianH is

〈H 〉 = 〈d〉
∫
ω2|ϕω|2 dω− ε

∫
Tω123

2
δ(ω+ ω1 − ω2 − ω3)ϕ

∗
ωϕ

∗
1ϕ2ϕ3 dωdω1 dω2 dω3. (9)

Note that derived path-averaged model can be used to describe slow (stroboscopic) evolution of arbitrary initial p
necessarily DM soliton. Fig. 2 shows a comparison of the spectral power distributions after transmission of input G
signal over 8000 km found by path-average mapping (dashed line) and by direct numerical simulations of the full mod
line).

The Hamiltonian averaging introduced here presents a regular way to calculate the next order corrections to the
model. From the Hamiltonian structure of the starting equation it is clear that the matrix elementTω123 has the following
symmetriesTω123 = T1ω23 = Tω132 = T ∗

23ω1. Note that Eq. (8) possesses the remarkable property. The matrix ele

Tω123 = T (&Ω) is a function of&Ω and on the resonant surfaceω + ω1 − ω2 − ω3 = 0, &Ω = ω2 + ω2
1 − ω2

2 − ω2
3 = 0,

both Tω123 and its derivative over&Ω are regular. This observation allows us to make the following quasi-identica
transformation [37], which eliminates the variable part of the matrix elementTω123

ϕω = aω − ε

〈d〉
∫
T0 − Tω123

&Ω
a∗

1 a2a3 δ(ω+ ω1 − ω2 − ω3)dω1 dω2 dω3, (10)

whereT0 = T (0). This transformation has no singularities. If the integral part in this transform is small compared withaω , then
in the leading order we get fora(z, t) NLS equation. Obviously, this transformation is quasi-identical only if the integra
Eq. (10) is small compared withaω. This is not true in a general case and that is why, typical solution of Eq. (8) has a form
different from cosh-shaped NLSE soliton. However, if the kernel function in Eq. (10) is small

∣∣S(&Ω)∣∣ =
∣∣∣∣T0 − Tω123(&Ω)

&Ω

∣∣∣∣ � 1, (11)
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Fig. 2. Comparison of the spectral power distributions after transmission over 8000 km found by path-average mapping (dashed lin
direct numerical simulations of the full model (solid line). Input Gaussian signal with the peak power 1 mW and width 33 ps propa
the system composed from fibers withD1 = 2.6 ps/nm/km andD2 = −2.2 ps/nm/km and the length 200 km each. Amplification distance
50 km (L/Za = 4).

then the averaged model can be reduced to the NLSE. In other terms, this is a condition on the functionsc(z) andd(z) that
makes possible quasi-identical transformation.

Let us now demonstrate how developed above general theory can be applied to specific physical problems. Firs
the case ofL � Za that is typical, for instance, for transoceanic lines. To be specific, let us analyze, as an examp
step dispersion map with the amplification distanceZa km and dispersion compensation periodL = 2M × Za km = Z0 km
(m = 1, n= 2M). Dispersiond(z)= d + 〈d〉 if 0 < Z <M × Za = L/2 andd(z)= −d + 〈d〉 if M × Za < Z < 2M × Za
= L. The mean-free functionR defined above can be found asR(z)= d z− d/4 if 0< z < 1/2 andR(z)= −d[z− 1/2]+ d/4
if 1/2< z < 1. After some calculations, it can be found that the kernel of the functionTω123= T (&Ω) in such a system is

T (X)= G− 1

G lnG

sin[XM]
M

1

(1+ [2X/ lnG]2)
{

cos[X]
sin[X] + 2X

lnG

G+ 1

G− 1

}
, (12)

X= &ΩZa d

2L
= &Ωd

4M
.

Here the gainG= exp[2γZa] (γ is a fiber loss). It is interesting to look at some particular limits in this general formula.
if d = 0 (uniform dispersion along the system) we reproduce the result of Mollenauer et al. [16–18]:T (&Ω)= (G−1)/(G lnG)
and becauseT is a constant, path-averaged model is just the integrable NLS equation. The second limit is the so-called ‘
model [29] (γ = 0). In this caseT (&Ω)=sin[&Ω d/4]/[&Ω d/4]. We justify now the use of the ‘lossless’ system [29] f
modeling of the practical (with fiber loss) fiber transmission system. It is interesting that the theory developed here
that the periodic amplification and dispersion compensation can be handled as separate problems, provided that am
distance is substantially different from the period of dispersion map. ForM > 1 functionT (&Ω) is getting close and close t
that one for the ‘lossless’ modelT (&Ω)=sin[&Ω d/4]/[&Ω d/4] multiplied by the path-averaged factor(G− 1)/(G lnG).
The result obtained proves that the power budget and the dispersion mapping, effectively, can be handled separate
haul transoceanic optical communication systems where amplification distance is typically much shorter than the d
compensation period.

Next we consider a relatively recently proposed regime with a short-scale (L�Za , and a general caseL� Za ) dispersion
management. Optical fibers withL� Za have recently been manufactured [38]. Recall that ultra-short, power-enhance
solitons in the traditional systems withL � Za typically have too high power to be realized in practice. It is of interes
find stable propagation regimes with short and low power solitons. As has been shown in [39] rather short (�5 ps) DM
solitons in systems with the short-scale dispersion management could have low enough energy to provide for sta
high-bit-rate (�40 Gb/s per channel) transmission. Here we demonstrate that a path average propagation in system
short-scale managementL � Za (even with thelarge variations of the dispersion) can be described by the integrable N
equation. Again to be specific, let us consider a two-step dispersion map with the amplification distanceZa = Z0 (n= 1) and
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dispersion compensation periodL = Za/m km (or 1/m in the normalized units). Normalized dispersiond(z) = d + 〈d〉 if
k/m< z < (k+ 0.5)/m andd(z)= −d +〈d〉 if (k+ 0.5)/m < z < (k+ 1)/m, herek = 0,1,2, . . . ,m− 1. Mean-free function
R defined above can be found as

R(z)= d

(
z− k

m

)
− d

4m
if
k

m
< z <

k+ 0.5

m
and R(z)= −d

[
z− k

m
− 1

2m

]
+ d

4m
if
k+ 0.5

m
< z <

k+ 1

m
.

After some calculation, it can be shown that the matrix elementTω123 in such a system is

Tω123= T (Y )= G− 1

G lnG

1

1+ (4mY/lnG)2

{
exp(−iY)+ 4mY

lnG

[
sinY

G1/(2m) + 1

G1/(2m) − 1
+ i cosY

G1/(2m) − 1

G1/(2m) + 1

]}
. (13)

HereY = d&Ω/(4m). Next we estimate the matrix element of the quasi-identical transformation

∣∣S(&Ω)∣∣ �
∣∣∣∣∣

1∫
0

c(z)[exp(i&ΩR(z))− 1]
&Ω

dz

∣∣∣∣∣ �
1∫

0

∣∣c(z)R(z)∣∣dz� max(R)〈c〉 = 〈c〉d
4m

.

One can see that with increase ofm (for the fixed other parameters) the path-averaged model (8) governing DM s
propagation converges to the integrable NLS equation. Fig. 3 shows the power of the DM solitons (solid line)
fundamental soliton with the same amplitude (dashed line) for different values ofm. It can be seen that for largem the form
of the DM solitons is very close to the shape of the fundamental soliton. It is interesting to note that in the limit of
short-scale management (largem) we again get forT the lossless model approximation multiplied by the factor

G− 1

G lnG
: T (Y )= sin[&Ω d/(4m)]

&Ω d/(4m)

G− 1

G lnG
.

However, increase ofm (decrease ofL) under the fixed characteristic bandwidth of the signal makes insignificant oscill
structure of the kernel. This means that ifT (Y ) is practically concentrated in some region&Y, then for largem corresponding

Fig. 3. The power of the DM solitons (solid line) and the fundamental soliton with the same amplitude (dashed line) for differentm.
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region ind &Ω will be larger than for smallm. For the pulses with the same spectral width this will mean thatT is much flatter
for largem and, as a matter of fact, for largem (smallL) functionT can be better approximated by a valueT (0). As a result,
NLSE model works rather well in this limit and solution (of the path-averaged model!) should be close to cosh-like so
the NLSE. Of course, the function|S(Y )| increases with the growth ofL and is not small in the opposite limitZa � L (lossless
model). Therefore, the shape of DM soliton in the lossless model [29] (and large variations of the effective dispersio
cosh as it is in the considered model. In contrast to the lossless model, evolution of soliton parameters over one period
asymmetric here due to loss. Rapid variations of the pulse width, peak power and chirp are accompanied by the ex
decay of the power due to loss. Nevertheless, numerical simulations have revealed that there exists a true periodic so
reproduces itself at the end of the compensation cell (in this case – at the end of the amplification period). Note that th
known that for the lossless model in the so-called weak map limit [29,30,49,45] the DM soliton has a shape close to c
is not so obvious for system with loss and different periods of amplification and dispersion variations.

7. Root-mean-square momenta method

An advantage of the transmission of the soliton carrier signal (in general, RZ formatted data) is that it can be d
by a few main parameters, such as pulse width, peak power, chirp parameter and spectral width (the latter can be
through pulse width and chirp parameter). The particle-like behavior of the solitary wave signal allows one to make
well developed mathematical methods to understand features of a such carrier and to predict effects that occur due t
boundary conditions and due to deviations of real fiber properties from an ideal model. In the integrable and near-in
models evolution of these few main soliton parameters can be calculated using perturbation methods. In the general
information can be gained by considering evolution of the integral quantities – different root-mean-square momentum
this subsection we present a generalised momentum method to describe the main RMS DM soliton characteristics
briefly overview results obtained in the papers [48,55,56]. This simple and transparent method is very useful in the m
of an arbitrary dispersion-managed fiber links that typically involves many free parameters to be optimised. To descr
self-similar dynamics of the main peak of DM pulse let us first consider following [48] the evolution of the integral qua
related to the pulse characteristics: root-mean-square (RMS) pulse widthTint, pulse power chirpMint/Tint

Tint(z)=
[∫

t2|A|2 dt∫ |A|2 dt

]1/2
, (14)

Mint(z)

Tint(z)
= i

4

∫
t (AA∗

t −A∗At)dt∫
t2|A|2 dt

. (15)

It is easy to check that the evolution ofTint(z) andMint(z) is given by

dTint

dz
= 4d(z)Mint(z), (16)

d

dz
(TintMint)= d(z)Ω2

RMS − εc(z)

4
PRMS. (17)

Here we introduce

PRMS(z)=
∫ |A|4 dt∫ |A|2 dt

, Ω2
RMS =

∫ |At |2 dt∫ |A|2 dt
. (18)

Integrating Eq. (17) over one period we get a simple explanation of why DM solitons can propagate at the zero an
average dispersion. Indeed, for whenTint andMint are exactly periodic, we have〈

d(z)Ω2
RMS(z)

〉 = ε

4

〈
c(z)PRMS(z)

〉
. (19)

Whend andc are constant this gives us the RMS power of the soliton. Ifd is constant butc(z) varies periodically this equatio
gives the guiding-centre (path averaged) enhancement factor. Finally, when bothd andc are periodic functions ofz (or c is
constant as in lossless model) one can see that the requirement〈d〉> 0 for the existence of conventional solitons is replaced
a condition〈d(z)Ω2

RMS〉> 0, which can be satisfied even when the average dispersion is zero or positive as it is seen i
Different lines in Fig. 4 corresponds to different values ofTint(0): 0.75 (short-dashed line), 0.65 (dashed line) and 0.55 (s
line). The same formula explains the power enhancement of DM soliton as well. To obtain a closed system of equationTint
andMint one has to derive equations onΩRMS andPRMS and to express all intermediate integrals that appear in such equa
in terms of the introduced above RMS momenta. This is possible only under some additional assumptions about the st
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Fig. 4. Effective dispersionDeff = 〈d(z)Ω2(z)〉 found from Eqs. (20), (21) (Ω(z) is the spectral bandwidth of the pulse) versus path-avera
dispersion. Solid line:T (0)= 1, bold dashed lineT (0)= 0.8, dotted lineT (0) = 0.7. The same map as in Fig. 1, but with different avera
dispersions.

the solution. Note, that the chirp (a first time derivative of the phase taken at the point where pulse amplitude is maxim
typical DM pulses shows a linear behavior in the region where most of the energy is concentrated. Of course, this is o
approximation of the more complex phase picture and chirp is not at all linear in the whole time domain. However, n
the phase dependence appears in the necessary integral formulas only in the constructions like|A|4(arg(A))t t being multiplied
by |A|4 or other powers (like|A|2(arg(A))t ) of a fast decaying function|A|2. Therefore, the contribution in the integral pul
characteristics due to deviations from the parabolic (in time) law in the phase is negligible in many practical situatio
highly localised|A|2). Therefore, one can take a parabolic approximation of the phase near the pulse peak power
(arg(A)(z, t)= φ(z) t2 + φ0(z). The evolution equations onΩRMS andPRMS then can be written in a simple form

d

dz

(
Ω2

RMS
) = −2εc(z)φ(z)PRMS, (20)

d

dz
PRMS = −4d(z)φ(z)PRMS. (21)

We have now four equations for the five quantitiesTint,Mint,ΩRMS, Pint, andφ. The missing last relation that is necessa
to obtain a closed system of equations is given by:

Mint(z)

Tint(z)
= 1

2

∫ |A|2t (arg(A))t dt∫
t2|A|2 dt

= φ(z). (22)

Thus, the closed system of RMS momentum equations is presented by Eqs. (16), (17), (20), (21) and (22).
Derived RMS equations can be transformed to the basic model of two ODEs first obtained in the context of the c

fiber transmission lines by Gabitov and Turitsyn in [31] using a variational approach. To do this, note that equations oPRMS
andΩRMS can be (after simple manipulations) integrated as

PRMS(z)Tint(z)= PRMS(0)Tint(0)= 4const1. (23)[
Ω2

RMS(z)− 4M2
int(z)

]
T 2

int(z)= const2. (24)

Substitution of

Ω2
RMS(z)= 4M2

int(z)+
const2
T 2

int(z)
(25)

and Eq. (23) into Eq. (17) yields equations inTint andMint (see [31,48,56]):

dTint

dz
= 4d(z)Mint(z), (26)

d

dz
Mint = d(z)const2

T 3
− εc(z)const1

4T 2
. (27)
int int
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An advantage of the approach presented here is that it used onlyone assumption about the structure (phase) of the DM puls
derive these basic equations.

8. DM soliton expansion in the basis of the Gauss–Hermite functions

In this section following [52–54,67] we present a rigorous mathematical method to describe the breathing dynamic
the self-similar core and of the oscillating tails of a DM soliton. In other terms, this method will allow one to estimate acc
the deviations of a true DM soliton from the self-similar structure assumed in the RMS momentum description presente
The dynamics of the DM soliton can be presented as a self-similar evolution of the main peak accompanied by oscill
far-field tails that have non-self-similar structure [49]. Though the energy of the tails is much smaller compared with the
of the central peak they are responsible for the non-self-similar periodic change of the pulse form during the evolutio
the compensation cell [49]. An arbitrary input pulse propagating down the dispersion-managed line typically evolves
asymptotic structure that presents self-similar rapidly oscillating main peak and a dispersive pedestal [33]. By a prop
of the parameters of the input pulse this radiation can be significantly suppressed. However, oscillatory far-field tails ar
main peak cannot be entirely suppressed, because they present an unalienable part of the DM soliton. Using an orth
of chirped Gauss–Hermite functions one can derive path-averaged equation governing slow evolution and the shape
soliton. In this way, one can obtain a set of ordinary differential equations for the coefficients of expansion of DM so
terms of chirped Gauss–Hermite functions. A generalised solution of the propagation equation with arbitrary input puls
presented in terms of chirped Gauss–Hermite orthogonal functions. This approach can be also useful in numerical m
the dynamics of arbitrary initial signal in the dispersion-managed communication systems.

There is an interesting analogy between a DM soliton and the nonlinear macroscopic quantum oscillator. The bas
that the periodic variations of the phase (that occur due to periodic oscillations of the dispersion) create an effective
trapping potential. Without nonlinearity any propagating wave is a direct combination of the eigenfunctions of such a q
oscillator potential – the Gauss–Hermite functions. When nonlinearity comes into play, the energy is redistributed
different modes. Therefore, a DM soliton can be viewed as a ground state of an effective macroscopic nonlinear
oscillator.

To remove from Eq. (3) the rapid self-similar dynamics that occurs due to large variations of the local dispersion let
the following self-similar transformation [67]

A(z, t)= N ei(M(z)/T (z))t2

√
T (z)

n=∞∑
n=0

Bn(z)fn

[
t

T (z)

]
eiλnR(z), (28)

herex = t/T (z). The rapid oscillations of pulse width and chirp are accounted by periodic functionsT (z) andM(z) and slow
evolution is given byfn(x). We choose here the periodic functionsT andM to keep in the leading order the self-simil
structure of the DM pulse. We define equations on the functionsT andM to be the same as for the integral quantitiesTint and
Mint in the section above:

dT

dz
= 4d(z)M,

dM

dz
= d(z)

T 3
− εc(z)N2

T 2
. (29)

HereT (L) = T (0), M(L) = M(0) andN is a constant to be determined from the requirement thatT andM are periodic
solutions of Eq. (29). The functionsfn(x) are the orthogonal normalised Gauss–Hermite functions:

fn(x)= 1√
2nn!√π exp

(
−x

2

2

)
Hn(x), (30)

(fn)xx − x2fn = λnfn, λn = −1 − 2n. (31)

HereHn(x) is then-th-order Hermite polynomial and coefficientsBn are given by the ordinary scalar product inL2 with fm
and dR/dz = d(z)/T 2(z)− 〈d/T 2〉.

Inserting this expansion into basic equation (3) after scalar multiplication withfm we obtain a system of ordinary differenti
equations for the coefficientsBn.

i
dBn
dz

+
〈
d

T 2

〉
λnBn + β(z)

∑
m=0

e2i(n−m)R(z)Sn,mBm + β(z)
∑
m,l,k

e2i(n+k−m−l)R(z)BmBlB∗
k Vm,l,k,n = 0. (32)

Here we introduce the notation
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Sn,m = 〈
fm|x2fn

〉 =
+∞∫

−∞
fm(x)x

2fn(x)dx,

Vn,m,l,k = 〈fm|fnflfk〉 =
+∞∫

−∞
fn(x)fm(x)fl(x)fk(x)dx.

(33)

Since integrals of the form
∫
xn e−αx2

can be calculated analytically, it is possible to determine anySn,m and Vn,m,l,k .
Symmetrical integralsSn,m = Sm,n are:Sn,n = n+ 0.5, Sn,(n+2) = 0.5

√
(n+ 2)(n+ 1). The otherSn,m are zero ifm> n.

Eq. (32) can be averaged directly (in contrast to the master equation (3)) because the large variations of the d
are moved to the phase factor proportional toR(z). Averaging can be performed either using Lie-transform technique [6
Hamiltonian averaging [55]. However, the most important zero-order term can be obtained directly. Let us splitBn into slow
(Un) and fast (ηn) varying partsBn = Un + ηn + · · · (dηn/dz � ηn) and we assume also that rapidly varying part is sm
compared with slow varying oneηn �Un. Averaging over one period in the leading order then gives forUn

i
dUn
dz

+
〈
d

T 2

〉
λnUn +

∑
m=0

〈
β(z)e2i(n−m)R(z)〉Sn,mUm +

∑
m,l,k

〈
β(z)e2i(n+k−l−m)R(z)〉UmUlU∗

k Vn,m,l,k = 0. (34)

The steady-state solution of this path-averaged equation having the formUn = Fn exp(ikz)with Fn non-dependent onz presents
DM soliton for given dispersion map. The derived equation permits one to describe in a rigorous way properties
solitons and more generally the propagation of any input signal for arbitrary dispersion map. Considering a solutio
formUn = Fn exp(ikz) we obtain the expansion of the DM soliton in terms of chirped Gauss–Hermite functions. The sh
any DM soliton can be found from a solution of the equation onFn:

−kFn +
〈
d

T 2

〉
λnFn +

∑
m=0

〈
β(z)e2i(n−m)R(z)〉Sn,mFm +

∑
m,l,k

〈
β(z)e2i(n+k−l−m)R(z)〉FmFlF∗

k Vn,m,l,k = 0. (35)

Note that though this nonlinear eigenvalue problem looks not simple at all, this is a set ofalgebraic equations that are muc
easier to solve than to find DM soliton from original PDE (3). Rapid convergence, that is natural for bell-shaped puls
that localised pulse will be well represented by a limited number of terms in the expansion. This makes such basis ve

Fig. 5. Spectral power of DM soliton is shown in the logarithmic scale: true DM (solid line), solution of the path-averaged equa
(dashed line), two-mode (dashed-dotted line) and five-mode (dotted line) approximations using expansion of the soliton the the b
Gauss–Hermite functions. Inset shows dynamics of the first nonzero coefficients in this expansion over one period.
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in different practical applications. This approach is a rigorous way to describe a family of DM soliton for an arbitrary dis
map. A complete set of orthogonal chirped Gauss–Hermite functions is very useful in numerical simulations evol
arbitrary shaped initial signal in DM fiber systems. In Fig. 5 it is presented a comparison of the path-average models p
in the paper with direct numerical simulations for two-step dispersion map (as in Fig. 1). Spectral power (logarithmic s
true DM soliton (solid line), taken at the boundary between two fibers is compared with two-mode (0+ 4) (dashed-dotted line
and five-mode (dotted line) approximations in the expansion using the chirped Gauss–Hermite functions and soluti
path-averaged equation (8) (dashed line). Inset shows dynamics over one period of the first nontrivial (nonzero) coeffi
the Gauss–Hermite expansion of DM soliton. It is seen that both path-average models give quite good approximation o
DM soliton. Even two-mode (0+ 4) approximation describes the central part very well. Expansion in the basis of the G
Hermite functions present analytical approximation of the DM soliton, describing both the Gaussian core and the os
tails.

9. Conclusions

We have overviewed in this article main physical and mathematical properties of dispersion-managed optical so
is apparent that the development of DM soliton-based fiber communications enters the stage of commercial exploit
possibility of real-world soliton networks. Wavelength-division-multiplexing transmission of DM solitons is an attractiv
to realize long-distance ultra-high capacity fiber communication systems and to upgrade existing fiber networks to te
second regimes. We have presented here the theory of DM solitons at two levels of mathematical accuracy. Consid
root-mean-square momenta, or equivalently, main order expansion of DM soliton in the Gauss–Hermite basis leads
set of ordinary differential equations governing evolution of the soliton width and chirp. This computer time saving ap
can be especially useful for optical system optimization. More careful path-average theory is capable to describe in d
a fine structure of DM soliton form and its evolution along the fiber line.
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