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a b s t r a c t

The concept of random lasers exploiting multiple scattering of photons in an amplifying
disorderedmedium in order to generate coherent lightwithout a traditional laser resonator
has attracted a great deal of attention in recent years. This research area lies at the
interface of the fundamental theory of disordered systems and laser science. The idea
was originally proposed in the context of astrophysics in the 1960s by V.S. Letokhov,
who studied scattering with ‘‘negative absorption’’ of the interstellar molecular clouds.
Research on random lasers has since developed into amature experimental and theoretical
field. A simple design of such lasers would be promising for potential applications.
However, in traditional random lasers the properties of the output radiation are typically
characterized by complex features in the spatial, spectral and time domains, making
them less attractive than standard laser systems in terms of practical applications.
Recently, an interesting and novel type of one-dimensional random laser that operates
in a conventional telecommunication fibre without any pre-designed resonator mirrors
– random distributed feedback fibre laser – was demonstrated. The positive feedback
required for laser generation in random fibre lasers is provided by the Rayleigh scattering
from the inhomogeneities of the refractive index that are naturally present in silica glass.
In the proposed laser concept, the randomly backscattered light is amplified through
the Raman effect, providing distributed gain over distances up to 100 km. Although an
effective reflection due to the Rayleigh scattering is extremely small (∼0.1%), the lasing
threshold may be exceeded when a sufficiently large distributed Raman gain is provided.
Such a random distributed feedback fibre laser has a number of interesting and attractive
features. The fibre waveguide geometry provides transverse confinement, and effectively
one-dimensional random distributed feedback leads to the generation of a stationary
near-Gaussian beam with a narrow spectrum. A random distributed feedback fibre laser
has efficiency and performance that are comparable to and even exceed those of similar
conventional fibre lasers. The key features of the generated radiation of randomdistributed
feedback fibre lasers include: a stationary narrow-band continuous modeless spectrum
that is free of mode competition, nonlinear power broadening, and an output beam with a
Gaussian profile in the fundamental transverse mode (generated both in single mode and
multi-mode fibres).

This review presents the current status of research in the field of random fibre lasers
and shows their potential and perspectives. We start with an introductory overview of
conventional distributed feedback lasers and traditional random lasers to set the stage for
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discussion of random fibre lasers. We then present a theoretical analysis and experimental
studies of various random fibre laser configurations, including widely tunable, multi-
wavelength, narrow-band generation, and random fibre lasers operating in different
spectral bands in the 1–1.6 µm range. Then we discuss existing and future applications
of random fibre lasers, including telecommunication and distributed long reach sensor
systems. A theoretical description of random lasers is very challenging and is strongly
linkedwith the theory of disordered systems andkinetic theory.Weoutline twokeymodels
governing the generation of random fibre lasers: the average power balance model and
the nonlinear Schrödinger equation based model. Recently invented random distributed
feedback fibre lasers represent a new and exciting field of research that brings together
such diverse areas of science as laser physics, the theory of disordered systems, fibre
optics and nonlinear science. Stable random generation in optical fibre opens up new
possibilities for research on wave transport and localization in disordered media. We hope
that this reviewwill provide background information for research in various fields andwill
stimulate cross-disciplinary collaborations on random fibre lasers.

© 2014 Elsevier B.V. All rights reserved.
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1. Introduction to laser science and applications

The invention of the laser in the late fifties of the 20-th century has initiated a continuous development of new
generations of photonic devices and advanced optical engineering techniques. Photonics is established now as an enabling
technology, having wide impact across many traditional and emerging sectors of the economy. The progress in photonics
continues at a rapid pace world wide, with lasers playing a major role in this fast development. Lasers are typically an
integrated product of several research fields and technologies,making theman inherent frontier of interdisciplinary research
and development. A great variety of lasers have been demonstrated that cater to a range of applications in very diverse inter-
related areas of science and industry. Laser systems are produced on very different spatial scales from nano-lasers to huge
laser systems such as the National Ignition Facility in Livermore. Temporal and spectral characteristics of laser radiation also
vary greatly from continuous waves with a narrow spectrum to ultra-short pulses with very broad bandwidth. There has
been incessant progress in laser technology thanks to advances in: (i) material science, (ii) optical engineering, and (iii) an
understanding of the fundamental physical effects underlying the operation and performance of new types of lasers.

Conventional lasers consist of an amplifying medium placed inside a resonant cavity that provides a positive feedback.
The material of the medium determines the scale of photon amplification and wavelengths at which lasing is possible,
whereas cavity modes define exact values for generated frequencies and provide a spatial structure to the output beam.
Nonlinear properties of laser system materials are utilized for the transition from continuous wave (CW) to pulsed
regime, for example via mode-locking, and laser frequency conversion via harmonics generation, four-wave mixing, super-
continuum generation and other nonlinear processes. Optical engineering is pushing the frontiers of laser performance, for
instance, it is critical for the up-scaling of laser systems to high power/pulse energy levels. Optical engineering on the one
hand transforms laboratory laser demonstrations into real world applications through advancing architecture and design,
integration of all system elements, testing and evaluation of exploitation and so on. On the other hand, optical engineering
includes frontier research such as the development of special media with wave-guiding properties (for example, large
mode area and photonic crystal fibres), special dispersion elements and nonlinear crystals, advanced cavity design etc.
Furthermore, optical laser engineering also deals with resolving numerous technical issues, for instance, with heating, the
efficiency of power conversion from pumping sources, stability of operation and various technical issues relevant to laser
operation in a non-laboratory environment. It is practically impossible to overview all important aspects of laser science and
technology even for a specific type of lasers. In this review, we will focus on the new laser concepts and underlying physical
science, rather than on the technological and engineering problems.

It is quite remarkable, that despite the variety of system configurations, material bases and applications, the underlying
operational and design principles appear to be very similar from one device to another, and, thus, similar basicmathematical
models can be applied to rather different families of lasers [1,2]. Generic lasermodels are helpful for knowledge transfer from
one area of laser science to another and also they attract interest of themathematical community providing a basis for useful
interdisciplinary collaborations. Arguably, the most important laser master model is the semiclassical laser theory based on
theMaxwell–Bloch equations. Thismodel is successfully used in a range ofmodern lasers to describe properties of generated
radiation. The Maxwell–Bloch master model accounts for the coupling the electromagnetic field (governed by Maxwell’s
equations) to the nonlinear polarization of the gainmaterial (described by the Bloch quantum equations for a lasermedium).
This model covers most of the key physical phenomena in lasers, including mode competition and selection, frequency and
phase locking, self-pulsations, frequency pulling/pushing, mode synchronization, pulse stretching/compression and many
others.

Even more complex behaviour takes place in the laser systems where the growth and shaping of radiation is affected
by nonlinearity and the dispersion of the cavity medium. In this case conservative (not changing energy) effects compete
with gain and loss making light dynamics very complex. The propagation of the optical field in the laser cavity in general
is governed by the Maxwell’s equations. However, in the majority of practical situations a slowly varying envelope
approximation [3] can be applied to derive a simpler light evolution model, that accounts for all important physical effects
accounting for light propagation in the cavity. A slowly varying envelope approximation is valid when the spectral width
of the radiation ∆ω is much smaller than the central operational frequency ω0: ∆ω/ω0 ≪ 1. The important step here
was the introduction of the master mode-locking equation by H. Haus [4–8]. This model is a variation of the more general
physical approach used in various areas of physics — the so-called Ginzburg–Landau equation [9]. In this approach the effect
of discrete laser system elements is averaged over the cavity round trips and is effectively presented by a truncated Taylor
expansion of corresponding physical effects occurring in a laser cavity, such as, for example, group velocity dispersion,
nonlinearity, spectral filtering, linear and nonlinear gain/loss [4–8,10,11]. More advanced models characterize the intra-
cavity radiation evolutions [11–13]. Critical in driving the intra-cavity dynamics are the amplitude and phase modulations
generated by the discrete elements in the laser. Such theoretical approaches also have a very clear and simple geometrical
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description of the intra-cavity dynamics making interesting links to the Poincaré mapping technique [11,14–16]. In a stable
lasing regime, periodic round trips of light generate a cyclic reproduction of the optical field parameters (closed periodic
loop), or Poincaré map in some phase space. Indeed, it is this phase–space representation that highlights the light dynamics
or lack of changes per cavity round trip. This geometrical representation can be used for simplified and efficient modelling
of lasers giving physical insight into the changes of key parameters from one cavity round trip to another.

The performance and operation of most advanced modern laser systems are determined by a rather complex interplay
between the dissipative and conservative linear and nonlinear physical effects. For instance, ultra-short pulse lasers exploit
the nonlinear (intensity dependent) optical response of the cavity medium for the generation and shaping of the pulses. The
nonlinear science governs the complex behaviour of such systems providing the adequate language to describe coherent
structures generation, their nonlinear interactions and the onset of their instabilities. Effects of gain and loss saturation,
the spectral dependence of gain and loss, and the nonlinear dynamics of radiation in laser cavity make such lasers even
more complex physical systems. Therefore, design optimization and themodelling of lasers often presents a complexmulti-
parametric nonlinear problem. Theoretical and numerical studies based on the nonlinear physics of lasers have yielded a
wealth of important knowledge pertinent to the design of laser systems and for the discovery of new operational regimes.

In this review our main focus is on random fibre lasers. Apart from the practical importance in numerous applications,
fibre lasers represent a class of very interesting physical systems. Light propagating down the optical fibre is trapped (in the
directions perpendicular to the propagation) in a very small core of the fibre-optic waveguide. Propagation length can be
very large due to low loss, making possible accumulation of the nonlinear effects characteristic of densely localized light.
The combination of such inherent nonlinear properties of an optical fibre with the light amplification provided by excited
atoms/ions in an active fibre or through the Raman effect in a passive fibre makes a fibre laser specially suited for studies
of nonlinear processes. In the classical laser science, a resonant cavity (or resonator) is one of the fundamental elements of
a laser system that defines the properties of the emitted radiation. For instance, resonator length determines the spectral
spacing between longitudinal modes in a mode-locked laser and thus, the characteristics of the output frequency comb.
The scale of the laser cavity can vary greatly. The shortest lasers have a sub-wavelength (sub-micron) cavity length, for
example, a semiconductor nano-wire laser [17] and a spaser-based nano-laser [18]. The cavity of fibre lasers is usually
formed by in-fibre end reflectors such as fibre Bragg gratings providing uniquely stable hands-free operation. Thanks to
excellent optical-guiding characteristics with low loss, fibre lasers can have cavity lengths from a few centimetres to several
hundred kilometres in ultra-long fibre lasers [19]. Interestingly, such ultra-long lasers can be used both as a light source,
and, as a new and unique type of transmission medium [20]. The large cavity lengths of the fibre laser along with the
broad gain bandwidth of doped fibres and/or Raman gain, ensures that a large number of longitudinal modes experience
amplification and coexist inside the resonator, coupled through the shared gain. Hence, typical fibre lasers operate in a
highly multi-mode regime having rich nonlinear dynamics. As a result of a broad gain bandwidth, longitudinal multi-mode
interactions can produce temporal fluctuations much shorter than the laser cavity round-trip time. Such interactions can
lead to mode locking andmore complex temporal dynamics, for instance, period doubling and transition to chaos following
the Feigenbaum scenario [21].

Fibre lasers feature interesting deviations from a typical mode-locking behaviour manifested as a sharp transition to
coherent pulses from initial irregular mode dynamics during radiation growth from noise. In [22] the coexistence and
interactions of the dispersive waves andmany solitons were shown. The so-called ‘‘rain of solitons’’ regime results from the
complex self-organization processes involving large numbers of solitons and dispersive waves. Another intriguing feature
is the generation of double-scale noisy pulses in fibre lasers [23]. This is rather typical behaviour for long cavity pulsed fibre
lasers [24], which is related to loss of coherence of radiation in the extended cavity. Coherence of fibre lasers is a fascinating
area of research. In [25] an interesting analogy has been examined between the loss of coherence in a fibre laser with an
increased power or cavity length and the transition to turbulence from a laminar state in a pipe flow.

The transition to stochastic turbulence-like behaviour of light waves (modes) generated in fibre laser cavities that
becomes apparent at increasing power and length provides similarities to another class of lasing devices with irregular
dynamics, namely, to random lasers. The concept of random lasers (see review papers [26,27] and references therein) has
attracted recently a great deal of attention, because such lasers are able to generate coherent light without a well-defined
cavity by exploiting multiple scattering in an amplifying disordered medium, for example, powders of ‘‘active’’ crystals
or semiconductor particles. Multiple scattering increases the effective amplification path and provides random feedback
resulting in lasing. The spectral, temporal and spatial properties of the random laser output beam are determined by a
build-up of the radiation in such extended non-localized or local spatial modes randomly embedded in the bulk disordered
material. Random lasers have some attractive features, such as, simple technology for providing compact design without
the need to form a precise micro-cavity, e.g. as used in semiconductor lasers. However, for many applications their current
performance characterized by pulsed operation with complex features in their emission spectra and angular dependence of
the output beam, has to be modified to be able to challenge conventional lasers.

One of the ways to overcome these problems of random lasing is to use low-dimensional random systems. Directional
pulsed random lasing has been demonstrated in fewmillimetre photonic crystal fibrewith the hollow core filled by a random
material consisting of R6G dye solution with TiO2 particles [28]. An alternative approach is to use the intrinsic disorder in
conventional silica fibres, as schematically shown in Fig. 1. Indeed, the refractive index of the telecommunication fibre
has sub-micron-scale inhomogeneities, which are randomly distributed along the fibre. Rayleigh scattering (RS) on the
inhomogeneities is responsible for setting a loss limit ∼0.2 dB/km at wavelengths around 1.55 µm, corresponding to the
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Fig. 1. A concept of the random distributed feedback fibre laser. Photons propagating in an optical fibre are elastically scattered by random refractive
index inhomogeneities complying with Rayleigh’s law. Most of the scattered photons leak out of the fibre core. Only 10−3 of them are backscattered and
guided by the fibre. The Raman gain is used to amplify the backscattered guided photons that results in random lasing from both fibre ends.

transparency window of silica glasses used as a basic material in telecommunication fibres [29]. The fraction of the total
Rayleigh scattered radiation which is reflected back into the fibre waveguide can be utilized for the feedback. Although the
fraction of the backscattered radiation is extremely small, being only ε = αs · Q ∼ 5 · 10−5 km−1, where the geometrical
factor Q ∼ 0.001 is defined by the numerical aperture and geometrical dimension of the fibre [30]. Therefore, the total
backscattered radiationwithin the fibre is negligibly small (R ∼ Q ∼ 0.1%) even in a∼100-km-long passive fibre. However,
the situation is dramatically changed when the scattered radiation is amplified via Raman gain. Indeed, even extremely
small random feedback initiates the generation under the condition of the high round-trip gain, ∼1/R2. This feature makes
this system rather different from many other random lasers exploiting a strong scattering effect. It is also different from
conventional Raman fibre lasers with regular reflectors, although in ultra-long fibre cavities with length above 270 km [19],
the effect of distributed random backscattering becomes comparable to the regular feedback in the cavity formed by the
point action reflectors placed at the ends of the fibre.

The first endeavour to get Rayleigh scattering based lasing in a long fibre without any regular reflector was resulted in
very good output characteristics of this specific random laser called a random distributed feedback (DFB) fibre laser [31].
Low-threshold (∼1 W), efficient (up to 30%), narrowband (∼1 nm), and stable CW lasing of the near-Gaussian beam
at 1.55 µm has been demonstrated just in a conventional telecom fibre with Raman gain homogeneously distributed along
the 83-km long span. Since the laser is based on distributed gain and distributed feedback, it has some similarity with
the conventional distributed feedback fibre laser that usually utilizes regular fibre Bragg gratings permanently inscribed in
several cm-long highly-doped active fibre with π-shift in the middle. The random inhomogeneities of the refractive index
in the fibre core are also ‘‘frozen’’. They represent a fingerprint of a particular fibre span defined by material and fabrication
imperfections. Therefore, the partial reflections are random in space, but fully deterministic in time (both for amplitude and
phase), interfering coherently with each other. Any random spatial sequence of distributed reflectors in terms of the Fourier
presentation can be thought of as a sum of a large number of very weak regular gratings with fixed periods. A single periodic
grating inscribed in an amplifying fibre is nothing more than a conventional DFB laser generating a single longitudinal
mode. In this sense the random fibre laser based on RS may be thought of as the sum of a multitude of monochromatic
regular DFB lasers with arbitrary phase and amplitude, which sum up into the resulting multi-frequency output. The main
difference between these lasers is that the conventional DFB fibre laser exploits a regular strongly reflecting grating, whereas
the random fibre laser has extremelyweak and long random gratings. Therefore, themode structure of the conventional DFB
fibre laser is defined by the grating whereas the spatial power distribution in the RS-based long random fibre laser is mainly
defined by the gain. Analysis based on conventional DFB fibre lasers used as building blocks has been applied previously
for modelling of one dimensional random lasing with equal scattering centres randomly distributed in amplifying media,
assuming that semi-periodic configurations with Bragg-like reflection are responsible for lasing [32]. So, the new concept of
random fibre laser is closely related and even based on the earlier concepts of DFB fibre lasers, on the one hand, and random
lasers, on the other hand.

In this review we would like to stress similarities between standard distributed feedback fibre lasers and random fibre
lasers. In the DFB laser the amplification region is periodically structured, thus, providing through one-dimensional Bragg
grating scattering of light propagating back into the cavity and an optical feedback for the laser. RandomDFB fibre laser also
features scattering of radiation back into the resonator, in this case by random scattering events. This is one of the lines of
our review — we will consider random DFB fibre lasers in parallel and in comparison with DFB fibre lasers and will build
an analysis on this analogy. We believe that parallel consideration of DFB lasers and random DFB fibre lasers may provide
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new useful insights into random laser research. On the other hand, the feedback in random fibre lasers is based on random
scattering in amplifying media, just like in traditional random lasers. The main difference with them is that the Rayleigh
scattering in fibres is extremely weak and, therefore, the operating principle is different. The mean free path length in this
case is much larger than the characteristic gain length, in contrast to the condition for conventional random lasers, which
makes the properties of the new lasing scheme considered here rather unique. Thus, we will also present a current status
of research in the field of random lasers.

We start with an introductory overview of traditional random lasers and conventional distributed feedback fibre
lasers. Next we present experimental studies of various random fibre laser configurations including widely tunable, multi-
wavelength, narrow-band generation, and random fibre lasers operating in different spectral bands with different pump
lasers, including direct laser diode pumping as well as cascaded operation. Existing and future applications of random
fibre lasers are discussed including telecommunication and sensor systems. A theoretical description of random lasers is
very challenging and is strongly linked with the theory of disordered systems and kinetic theory. We describe in detail
variousmodels governing generation of randomDFB fibre lasers, including balance average powermodels and the nonlinear
Schrödinger equation based model. Finally, perspectives of the random fibre lasers are discussed.

The demonstrated randomdistributed feedback fibre lasers represent a newexciting field of research that brings together
such diverse areas of science as laser physics, the theory of disordered systems, fibre optics and nonlinear science. Stable
randomgeneration in optical fibre opens a newdirection for research ofwave transport and localization in disorderedmedia.

2. Random lasers

2.1. Introduction to random lasers and the main concepts

The concept of laser light generation in cavityless random active media was introduced by Letokhov in 1966–1968
[33,34], initially in the context of studies of interstellar radiation. Since then the field of random lasing has developed into
a sophisticated and exciting area of laser research. The random laser has attracted a lot of interest, both as a rich complex
physical system, and as a relatively simple laser device with a potential for cost-efficient mass manufacturing. The broad
interest in random lasers arises also due to a number of inter-disciplinary links to other research fields, such as the theory
of disordered systems, material science, applied mathematics and theoretical physics, transport theory, spectroscopy, laser
physics, medical photonics and others.

In conventional lasers, the cavity (resonator) determines the key properties of laser radiation, such as spectral and spatial
mode structure, directionality/divergence, polarization and other parameters of the output beam. In random lasers, there is
no traditional cavity, and properties of the generated light are defined by randommultiple scattering of photons in the gain
medium. Therefore, material properties are especially important for random lasers. There are many examples of materials
andmediawith a disordered structure, for example, powders, granularmaterials, plastics or polymers, dyematerials, porous
glasses in which random lasing was demonstrated. The use of disorder for controlling of a laser output performance is
challenging, due to a number of technical and fundamental issues originating from the randomness, for instance, low signal-
to-noise ratio of the lasing peak, sporadic laser oscillations at multiple wavelengths, high value of the generation threshold,
lack of directionality and others. On the other hand, due to randomness, properties of generated light might be dramatically
different from that produced by conventional lasers giving promise of new applications. We anticipate, that random optical
structures with an intrinsic disorder may be used in photonic devices similar to well established technologies based on
periodic optical structures. Note that the application of periodic structures in photonics has a long history, and the periodicity
is nowadays an inherent ingredient in a variety of optical methods, techniques, devices and technologies. The use of random
structures in photonics is still at the initial stage of research on the underlying physics level. Therefore a lot of new ideas are
still continuously generated in the field and itmay take some time before theywill be implemented into practice.We believe
that the impact of the emerging studies of random optical structures on future photonic technologies will be comparable
with the leverage of periodic patterns and compositions.

In this review paper we combine a discussion of the distributed feedback fibre lasers and random fibre lasers to demon-
strate similarities and differences between lasers based on periodic structures and random ones. Physics and applications of
random lasers have already been well featured in a number of comprehensive review papers and books [26,27,35–38], and
we do not intend to make a new overview here of the well known properties and types of random lasers. Instead, we would
rather focus on fibre random lasers that became the subject of extensive studies only recently. However, to set a stage for dis-
cussion we have to highlight briefly the basic facts about ‘‘traditional’’ random lasers relevant to themain topic of the paper.

Before going into details, we would like to mention several important, relatively recently introduced concepts in a
random laser science. An interesting configuration of random lasing in a dye-circulated structured polymeric micro-fluidic
channel was proposed and demonstrated in [39]. In this instance, the disorder appears due to the limited accuracy of the
photolithographic process. Lasing thresholds comparable to those of conventional micro-fluidic lasers were demonstrated
while keeping a relatively simple random laser design compared to the challenges of the micro-fluidic laser cavity
fabrication. The application of low cost random lasers in the area of opto-fluidicsmight be an attractive alternative to on-chip
laser integrationwith light and fluidic functionalities [39]. In amore general sense, a combination of lasers andmicro-fluidics
has a great promise for a new breakthrough in laser science and technology. One of the promising directions here is to apply
opto-fluidics for the improvement of a control over the generated emission, namely its angular and spectral stability, that
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Fig. 2. Random lasing. In the random media light can propagate on different paths that results in different generation spectra emitted in different
directions; the laser has poor directionality. The power distribution is highly non-uniform in the gain media (left, after Ref. [38]).
Source: Optical spectra are reprinted with permission from Ref. [41].

is one of the major challenges in random laser technology. In the recent work [40], a novel approach is proposed to control
output radiation of random lasers, based on spatial shapingmethods employed for coherent light control in complexmedia.
The spatial pumping profile control was implemented in an opto-fluidic random laser where modes are spatially extended
and strongly overlapping [40].

The nature of lasing modes in random scattering active media is a fascinating research problem that is still under
extensive studies and discussions. Randomly scattered light travels in the amplifyingmedium along very complicated paths,
as illustrated by Fig. 2. It is broadly accepted now (see [37,38] for details) that the output characteristics of random lasers
are defined by the randomly embedded localized spatial modes that can coexist with non-localized extended modes. The
spatial distribution of modes is a fingerprint of randomness that is one of the key features distinguishing random lasers
from conventional ones. The complexity of a spatial mode distribution in random lasers makes its description a challenging
scientific problem and also offers new possibilities for applications that cannot be achieved in conventional lasers.

Other interesting studies were recently undertaken on lasing in granular media. The granular materials are very
important for a range of industrial applications from pharmaceutical to agriculture. In [42,43] random lasing was applied to
produce the first phase-diagram of a granular. This was implemented through ‘‘a shaking random laser’’ — the generation of
light in a vertically-oscillated granular material put in a liquid solution in a container. The properties of the laser emission
from such a system depend on the characteristics of the mechanical motion of the granular medium. This makes it possible
to link the different phases of granular medium through disparity in the corresponding laser radiation. This is, certainly,
somewhat radically different from standard laser applications.

Though lasers are normally thought of as a source of coherent light, they can also emit radiation in the regimes of tem-
porally or spatially incoherent laser emission. The high power sources with spatially incoherent radiation might be useful
in illumination and projection systems. One of the important applications of random lasers may be in imaging. Highly co-
herent sources such as conventional lasers suffer in some imaging applications from shifting patterns of bright and dark
zones that appear when a laser beam passes through a scattering medium — speckles. Such speckles result in the degrada-
tion of images recorded using laser radiation. Random lasers with low spatial coherence are very attractive for speckle-free
imaging offering solutions alternative to low-brightness light emitting diodes or incoherent lamps [44]. A range of other po-
tential applications of random lasers includemedical applications, compact light sources, spectroscopic monitoring devices,
illumination materials and others.

2.2. Resonant and non-resonant feedback in random lasers

Random lasers can be divided into two major classes depending on the nature of the laser feedback, namely resonant
feedback (field feedback) and non-resonant feedback (intensity feedback). Themain features of random laserswith resonant
and non-resonant feedback will be examined in this section.

A conventional laser scheme normally requires two key elements: a gain material that provides amplification and an
optical cavity that traps the light creating a positive feedback. The generation can be achieved (consider without loss of
generality a Fabry–Pérot resonator) if the total losses are equal to the total gain, R1R2 exp(2gL) = 1. Here L is the cavity
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length, R1 and R2 are reflection coefficients of the cavitymirrors, g is the gain. The lightmakes a round-trip in the Fabry–Pérot
cavity, so only longitudinal modes with frequency νn satisfying the relation νN = Nc/(2Ln) are generated in the cavity (for
the sake of simplicity, we do not take into account here phase delays on laser mirrors and assume a linear laser cavity).
Here n is the refractive index of gain media, c is the speed of light, N is an integer number. The modes are spaced equally in
the spectral domain with a separation∆ν = c/(2Ln). Radio-frequency inter-mode beatings could be directly measured by
an electrical spectrum analyser. The laser mirrors imply specific phase relations on different modes generated in the cavity
leading, in general, to the resonant feedback.

In 1966 Ambartsumyan et al. suggested a different type of a feedback — a non-resonant feedback [45,46]. They used the
conventional laser design, but one of the cavity mirrors were replaced by a highly scattering bulk medium. The generated
light does not accomplish exact round-trips in such a cavity, as the light changes the direction of the propagation being
scattered each time from the different parts of the bulk scatterer. As a result, the laser generation consists of a large number
of broad and overlapping low-Qmodes contrary to high-Q narrow longitudinal modes in a conventional Fabry–Pérot cavity.
These broad low-Q modes could overlap sufficiently, so the laser radiation can be thought of as radiation without spatial
modes. As there is no any spectral selectivity imposed by the cavity, the feedback in this case is frequency independent
and non-resonant, being just and energy/intensity feedback without phase relations implied on each cavity round-trip. The
generation spectrum is continuous within gain bandwidth being centred on the frequency where the gain is maximum.

As we have mentioned above, the self-generation of light in an active scattering medium without any laser mirror was
proposed by Letokhov in [33,34]. Under the assumption that the photon mean free path l is much smaller than the average
dimension of the system L, and much longer than the generation wavelength λ, i.e. λ ≪ l ≪ L, the light propagation
can be treated using the diffusion equation. It was assumed that any phase information is lost during numerous scattering
events. Despite the non-resonant nature of a feedback the laser generation can be achieved in this regime. Indeed, Letokhov
shown that the integral gain is proportional to the volume of the scattering system. At the same time, the integral losses
are proportional to the surface area of the scattering system. Therefore, at some critical volume the gain can overcome
the losses and the generation threshold can be reached. The feedback in this laser is treated to be non-resonant due to
a lack of phase sensitive feedback. Letokhov also described [34] the other key feature of lasing — spectrum narrowing,
and demonstrated existence of the relaxation oscillations in this system. The next important step in the field was the
experimental demonstration of the features predicted by Letokhov. Itwas donebyMarkushev et al. [47] in scattering systems
containing laser crystals processed into the powder (see also other early works [48,49]). The narrowing of the emission
spectrum as well as the threshold behaviour of the output power under optical excitation were observed.

Further progress has been achieved in a seminal paper by Lawandy et al. [50] who used a suspension of TiO2 microparti-
cles in rhodamine 640 perchlorate laser dye. Again, the manifestation of the generation threshold and the narrowing of the
emission line suggested a laser behaviour and, therefore, the existence of the feedback being non-resonant in this case. As
the generation depends strongly on the density of scattering particles, it was assumed that the feedback is directly related
to the scattering. The system was called by the authors of [50] a laser paint, as it could be painted on surfaces and be lasing
under appropriate excitation. In 1995 the term random laser was used for the first time [35,51] igniting re-emerged interest
in this fascinating research field.

An important next step was made in 1998 by H. Cao. A completely different type of random lasing was demonstrated
in [52,53]. ZnO powder and polycrystalline filmswith an average particle size of 100 nmwere used in experiments. Contrary
to previous demonstrations, the strong scattering leads to the resonant feedback. After multiple scattering, light can make
closed loops, so interference effects determine the laser frequencies. The resonant feedback results in narrow lasing spikes
on top of the smooth gain profile, different spikes are attributed to distinctive lasing modes and appear randomly over the
gain spectrum.

Since the initial demonstrations, a huge number of different types of random lasers operating in different gain and
scatteringmediawere reported. An excellent overviewof random lasing features in systemswith non-resonant and resonant
feedback can be found in [37] and [26], respectively, as well as in recent review papers [27,38] and book [36]. Further in this
section we discuss demonstrations of random lasing in different types of media.

2.3. Random lasers based on direct bandgap semiconductors

Direct bandgap semiconductors are widely used to achieve random lasing starting from the first demonstration of lasing
in ZnO powder in [53]. Most of the random lasers in disordered semiconductor materials are reported on the base of ZnO
samples in various forms — powders, films, nanowires and nanorods, nanoneedles. Many papers report on random lasing in
ZnO powders, see, for example, early works in the field [53–57], as well as the review papers [26,37]. Different organic and
inorganic polymer matrices could be used to host ZnO particles to facilitate material fabrication and processability in view
of potential applications [58].

Other semiconductor materials could be also used. A random laser based on GaAs powder emitting near 880 nm is
reported in [59,60]. Interestingly, in [61] an anti-Stokes GaAs-based random laser operating at 885 nm with two-photon
pumping at 532 nm was realized demonstrating another mechanism for population inversion and gain in the system. The
ZnSe powder based random lasers are reported in [62]. In [63,64] room-temperature pulsed random lasing from the single-
crystalline compound Cr2+:ZnSe powder is reported. Note that the laser emits in eye-safe infra-red region around 2.4 µm.
Gold-nanoparticle-assisted random lasing from powdered GaN is demonstrated in [65].
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Advances in ZnO structures manufacturing processes [66] result in the possibility of fabricating various ZnO based
structures. Random lasing is observed in many of them. ZnO nanocrystalline films are widely used for random generation,
see, for example, [52,67–71], as well as films combining different materials are used [72–74].

The application of nanowires and nanorods for random lasing is another interesting opportunity. UV lasing in a single
ZnO nanowire under optical pump was demonstrated in the seminal paper [75]. The feedback mechanism is associated
with axial Fabry–Pérot waveguide modes as the nanowire is well-faced, and the large refractive index difference between
the semiconductor material and surrounding dielectric environment enables light confinement in the nanowire cavities.
The threshold pump intensity of 40 kW/cm2 is reported. Meanwhile, high pump intensities need to achieve random lasing
in short nanowires having high cavity losses. In high-density arrays of vertically aligned ZnO nanorods, the random lasing
threshold can be as high as ∼1 MW/cm2 [76]. Random lasing is also achieved in ZnO nanoneedles [77,78]. Interestingly, it
was found that random lasing is more easily implemented in disorder-grown oriented ZnO nanowires rather than in well-
aligned ZnO nanowires [79]. Under 355 nmpumping, the lasing around 390 nm is achievedwith randomly distributed lasing
spikes of less than 0.4 nm linewidth.

The lasing threshold can be made sufficiently less when nanorods are accompanied by additional nanoparticles. For
instance, TiO2 nanoparticles (∼10 nm in diameter) were deposited on ZnO nanorods surface (∼100 nm in diameter) in [80].
The threshold is decreased almost twofold for random lasing in nanocomposites consisting of ZnO nanorods and TiO2
nanoparticles as compared with the lasing in pure nanorods. The associated mechanism is the fluorescence energy transfer
from TiO2 nanoparticles to ZnO nanorods through the resonance effect of the excited electron–hole pairs contributing to the
band edge emission. A similar strategy could be used to improve lasing properties of powder based random lasers. It was
shown that a resonant energy transfer from the organic-dye molecule donor to the ZnO-nanopowder acceptor results both
in increased lasing emission intensity and a reduced threshold power [81]. Further development in the field of random lasing
in nanorods/nanowires involves lasing in different materials such as gallium nitride (GaN) [82,83], SnO2 nanowires [84,85],
randomly assembled ZnS nanosheets [86], composites consisting of photonic crystals and semiconductor nanowires [87],
composites consisting of ZnO nanorods and SnO nanoparticles [88].

2.4. Dye and polymer based random lasers

Another widely used way to provide a gain in a random media is to exploit laser dyes and/or polymer active materials.
Initially, random laser emission was observed in a laser dye dispersed in a strongly scattering medium in a solution
containing TiO2 or other types of micro- and nanoparticles [50,89–91]. A systematic study of the random laser properties
dependence on the dye andmetallic scatterers concentrations is presented in [92]. The topic is still under active studies, see,
for example, recent works [93–95]. A laser dye could be hosted in various scatteringmatrices including polymeric films [96].
Films could contain additional nanoparticles to increase the scattering strength [97]. In this way, weakly-scattering dye-
doped polymer films are designed to provide coherent random lasing [98,99].

There is a way to achieve a random lasing in polymer films without using laser dyes. This can be done in organic
π-conjugated polymer films [100–104] providing high enough optical gain due to excitonic cooperative emission [105].
In the study presented in [106], Tulek et al. performed measurements of generation threshold probability density functions
depending on the excitation area size and combined this data with a proposed technique of space/spectrum cross-
correlation spectroscopy of the laser emission lines. They found that near the generation threshold, a single lasing mode
is generated corresponding to a well defined laser resonator, thus confirming that the model of random resonators in the
gain medium [107,108] explains random lasing in π-conjugated polymer films. In general, organic random lasers (based on
organic based polymers) are extensively studied [108–111]. The random lasing was demonstrated both in two-dimensional
organic thin films [112,113] and one-dimensional organic molecular nanofibres [114–116].

Combinations of laser dyes as active media and organic polymers as scattering media are also studied. It was demon-
strated that the photosensitized polymers incorporating POSS (polyhedral oligomeric silsesquioxanes) nanoparticles
dispersed at molecular level (1–3 nm) [117] can be used for coherent random lasing in slab waveguides in different spec-
tral bands (depending on the dye used in the solution). As an example, lasing near 580 nm [118] and in the 660–740 nm
band [111] was achieved in such organic random lasers. A similar approach is used in [119] to achieve random lasing in
active waveguides having a high surface roughness because of the 2D island-like nanostructures obtained from a blend of
a polymer and PMMA. A coherent random laser based on dye solution with POSS nanoparticles infiltrated into the hollow
optical fibre core was demonstrated in [94].

Actually, laser dye or active organic polymers could be infiltrated in very different host materials. Lasing in opals
infiltrated by pi-conjugated polymers or laser dyes was demonstrated [101,109,120,121]. In letter [39] random lasing in
a dye-circulated polymeric structured microfluidic channel was achieved. The disorder arises from the limited accuracy of
the microchannel photolithographic manufacturing process. Other examples of dye-doped solid-state hosts are silica gel
powders [122] and polymer nanowire array embedded in a porous alumina membrane [123]

Using liquid crystals is also proven to be an efficient way to generate random laser light. In initial endeavours, see [124],
liquid crystals were used to provide a scattering needed for the random generation and, at the same time, to tune the
emission wavelength. To date, a number of liquid crystal based lasers was demonstrated [125–140] providing generating
both via coherent and incoherent feedback. As the refractive index of liquid crystals can easily be controlled externally
because of large anisotropy, liquid crystals based random lasers are easily tunable. Indeed, it was demonstrated that the
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generation threshold and/or generation wavelength can be controlled by temperature [125,126,128,129,132,136], external
voltage [133,134,141] or by optical means [137,138].

2.5. Plasmonic-enhanced random lasers

New interesting possibilities arise when metal nanostructures are used as scatterers. Indeed, the scattering efficiency
of subwavelength sized metal particles could be enhanced due to the existence of surface plasmons. When metal particles
are used in a random gain media, the laser performance can be substantially improved. A number of random laser systems
based on the plasmon-enhanced scattering mechanism were demonstrated. In [142] plasmonically enhanced diffusive and
subdiffusive random lasers made from a suspension of silver nanoparticles in a laser dye is reported. Surface plasmon
resonance increases the scattering cross section keeping the gain volume large as the geometrical cross section of scattering
particles remains small. Moreover, the localized electromagnetic field near the particle surface leads to enhanced absorption
of excitation light and larger amplification of fluorescence. For silver particles of 55 nm diameter used in [142], the field
enhancement near the particle is 3 times for a wavelength of 532 nm. As a result, the generation threshold is lower and
the linewidth is smaller in the studied surface plasmon enhanced random laser as compared to a laser using dielectric
nanoparticles.

Further, random lasing in Rhodamine 6G doped polymer films containing silver nanoparticles was achieved [143],
as well as coherent random lasing in highly transparent polymer film doped by silver/metallic–dielectric core–shell
nanoparticles was demonstrated [98,99]. The generation threshold and lasing intensity depend on the nanoparticle
size. A waveguide-plasmonic scheme was proposed in [144]. The demonstrated random laser consists of the matrix of
randomly distributed gold nano-islands coated by a layer of active waveguidemade of dye-doped polymer providing strong
confinement for the generated light. Another approach was realized in [145], where random lasing was demonstrated
in a dielectric–metal–dielectric surface plasmon waveguide, in which top and bottom dielectric layers contain scatterers
and provide optical gain. Some improvements of lasing properties can be achieved under the appropriate design of the
waveguides [146].

It is important that surface plasmon resonance scattering peaks have to be matched with the gain spectrum to achieve
a low-threshold surface-plasmon-enhanced random lasing. However, this is not necessary for a simple demonstration of
random lasing. In [147] the authors managed to achieve random lasing near 575 nm by pumping a system containing silver
nanowires and Rhodamine 6G far from a resonance peak of the nanowires at 380 nm. Similarly, resonant surface plasmon
enhanced random lasing was obtained in gold–silica nanoshells in de-ionized water [148]. The system is pumped at 514
nm that is above surface plasmon resonance frequency. The random generation occurs at wavelengths from 720 to 860 nm
corresponding to frequencies near and below the plasmon peak.

In semiconductor ZnO based random lasers, surface plasmons can be used if metal nanoparticles are added [149] or
graphene nanoflakes are used [150]. In [65], gold nano-particles were used to improve efficiency of the powdered GaN
random laser. Summarizing, a random scattering in active media combined with plasmonic effects is an efficient way to
develop new classes of random lasers.

2.6. Other types of random lasers

Another possibility to produce random lasing is to use rare-earth doped powders. The most frequently used element
is Nd, see examples in the nice book [36] and reference therein, as well as [151–155]. Random lasing is also achieved in
Pr3+ and Ce3+-doped δ-alumina nanopowders [156]. In early works laser crystals processed to a powder state were used
to achieve random generation [47–49,157–159] as well as random generation was achieved in a powder of LiF crystal with
colour centres [160].

In [161] a random microchip laser was presented. The laser comprises a transparent ceramic Nd:YAG microchip and
a Nd:YAG powder tablet for additional feedback. The laser operated in quasi-continuous-wave regime. In the paper [162]
colloidal quantumdot random laser is reported. In this laser the gain is provided by colloidal quantumdots randomly packed
on the rough glass grooves having a disordered sub-micron structure. Paper [163] describes coherent random lasing in an
aerosol of dye-doped microdroplets in the air.

Interestingly, the random lasing was demonstrated recently in a fluidic paper-based devices realized by conventional
soft-lithography techniques on common paper [164–166].

Random lasing is demonstrated even in biological tissues including such an exotic ones as dye-infiltrated chicken
breast [108]. In [167] it was experimentally shown that infiltrated with a concentrated laser dye solutions biological tissues,
including human ones, provide coherent random lasing. Later, random lasing in bone tissue was achieved [168]. The main
motivation of these works is to show that the random laser emission can potentially provide in situ information about
structural and functional properties of the tissue under investigation. Indeed, it was found that malignant tissues show
manymore laser lines compared to healthy tissues taken from the same organ [167], and cancerous and healthy tissues have
different light scattering properties that could be automatically detected in their random lasing emission spectra [169].

Promising results are obtained in the field of cold atoms. Random lasing in a cloud of cold atoms was theoretically
predicted [170] and experimentally demonstrated in [171]. Cold-atom random laser could be a test bed system for further
understanding of resonant scattering feedback in astrophysical lasers [172].
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Most of random lasers generate in UV or visible range. However,mid-IR laser sources are of great demand in scientific and
practical applications. Random lasing in the 2.4 µm band in the single-crystalline compound Cr2+:ZnSe powder is reported
in [63,64]. Generation near 2.18µmwas achieved in a random laser based on Cr2+:ZnSe nanocrystalline particles [173].Mid-
IR random lasing is also possible in Cr-doped ZnS nanocrystals [174]. Interesting results are presented in [71], where the
simultaneous generation of visible and ultraviolet light is reported in ZnO films. Other possibilities to obtain a generation in
different spectral bands are the second-harmonic generation of a random laser radiation [175], the up-conversion of random
laser frequency [176–178], and the anti-Stokes random lasing [61].

2.7. Electrically pumped random lasers

Random lasers are usually pumpedoptically. An important achievement in the field of random laserswas a demonstration
of electrically pumped random laser diodes that opens the way to highly integrated optical devices. As a first step, the
electrically pumped UV random laser diode was demonstrated in ZnO/dissimilar material heterojunction diodes [179] and
the ZnO p–n junction [180]. Later, the electrically pumped random laser diode was demonstrated in Sb-doped p-type
ZnO/Ga-doped n-type ZnO with quantum wells embedded in the junction [181]. The lasing mechanism is an exciton-
related recombination and the feedback is provided by a close-loop scattering from densely packed nanocolumnar ZnO
grains formed on Si. A room-temperature stable single-mode operationwas obtained in arrays of random laser diodes [182].
Emission direction and the number of random lasing modes can be controlled by the presence of the rib waveguide in the
random laser diode [183].

Electrically pumped random lasing can also be obtained in a simple ZnO based metal oxide semiconductor (MOS)
structure [70], but an issue there is a relatively high generation threshold (68 mA). A high threshold could cause heating
problems in potential applications. The low-threshold devices having a threshold of only 6.5 mA were demonstrated in
ZnO nanocrystallite films grown on a glass substrate in an atomic layer-deposition technique [184]. Changing the structure
of the material, the radiation wavelength can be tuned. As an example, in MgxZn1−xO films which are polycrystalline in
nature with a random distribution of crystal grain, the central wavelength of random lasing spectrum becomes blue-shifted
with the increase of Mg content [185]. Overall, the central wavelength of the random lasing spectrum is tuned from∼377 to
352 nmwith an increase of the x value inMgxZn1−xO from0 to 0.35. Using ZnOnanorod arrays on Si substrate, the electrically
pumped random generationwas achieved at room temperatures [186]. Recently, electrically pumped ultraviolet lasing from
ZnO in metal–insulator–semiconductor diodes based on ZnO films was achieved [187]. Generation properties of electrically
pumped random lasers could be improved by using surface plasmon resonances [188].

Some other more exotic ways to pump random media do also exist. As an example, random lasers could be pumped by
a dc electron beam of typical energy 1–10 keV. In this case, the pump beam penetrates deeply into the sample contrary to
optical pumping where the surface scattering (usually strong in randommaterials) prevents optical pump penetration deep
enough into the sample.

2.8. Control of random lasers emission

Random lasers characterized by a complex emission spectrum with many different spectral peaks on the top of the
gain profile principally differ from conventional lasers with well-localized generation spectra. It is interesting to manage
the emission properties of random lasers. Obviously, straight-forward approaches proved to be efficient in managing the
radiation of the conventional lasers could be applied for random lasers also. For example, external mirrors can increase
the output power in ZnO film based random lasers up to 10 times [54]. External mirrors are also proven to decrease the
generation threshold in the Neodymium random laser [153,189]. In Nd random lasers, the intensity variation of a seeding
light can be used to change the wavelength and the intensity of the random generation [190].

Random lasers can be tuned by temperature. In [124] temperature is used to switch a random laser below and above
the threshold; a threefold change in the generation bandwidth was also observed. This was achieved by introducing liquid
crystals to the dye solution to control the scattering strength. Indeed, the liquid crystal changes its phase from unordered
to partially ordered while heated. As different phases have a different refractive index and, therefore, different scattering
properties, the gain/loss balance in the random laser can be changed with temperature. Generation thresholds and output
power of the random laserswith liquid crystals can be also controlled electrically [133,191]. Note that in random lasers based
on dye-doped nematic liquid crystals polarization properties could be controlled by rotating the liquid crystal sample [139].

Random lasing properties of GaAs powders are also strongly dependent on temperature [60]. A model for a random laser
tunable by a temperature through a three-dimensional random walk of photons in an active random medium has been
developed in [192]. Both the intensity and the generation spectrumwidth are affected, because of the temperature-induced
scattering mean free path changes.

The random laser properties could be effectively managed by using different particles added to the gain media. As it
was numerically shown in [193–195], the resonant frequency of the monodispersed scatterers with externally introduced
defects could be controlled by adjusting theMie resonances of individual scatterers. Optimizing sizes and refractive indexes
of the scatterers and the defects, random lasing can be initiated at pointswhere defects are located. These findingswere later
confirmed experimentally [196]. Polymer particles were used as defects in monodispersed ZnO film. It was demonstrated
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that in such a system the number of lasing modes is less and the generation threshold is lower compared to pure ZnO based
random lasers. In organic polymer based random lasers, the emission wavelength can be shifted within 7 nm (in visible
range) by controlling themean diameter ofmonodisperse nanospheres forming photonic glass intowhich theπ-conjugated
active polymer is infiltrated [197].

Managing pump properties results in various changes of the random laser emission and is one of the most promising
ways to control radiation of random lasers. Limiting the area illuminated by the pump beam, the generation threshold can
be changed [154,198]. A local pumping also allows a selective excitation of individual localized modes in two-dimensional
disordered systems in the localized regime [199,200]. An active control of the spatial pump profile results in the possibility
to select any lasing mode from the overall random laser emission spectrum as demonstrated numerically in [40]. Further it
was experimentally demonstrated, that random lasers can be tuned to any desired wavelength within the lasing spectrum
under an appropriate optimization of the pump beam spatial profile [201]. By engineering the pump shape in order to excite
different lasing modes, researchers even succeeded to observe a transition from the coherent to incoherent random lasing
in the same sample [202]. Finally, by shaping the spatial pump distribution, authors of [203] numerically demonstrated that
a random laser can be tuned to emit in specific predetermined directions, so highly directional emission can be achieved.
What is important, is that this could be achieved in a weakly scattering regime for extended lasing modes.

A substantial step forward was made in paper [204] where a random laser with an a priori designed lasing peak within
the gain curve was demonstrated. Contrary to the conventional route of using irregularly shaped or polydisperse scatterers
having some average scattering strength being constant over the frequency, S. Gottardo et al. considered resonant scatterers.
In randomly assembled monodisperse spheres there are scattering resonances determined by Mie resonances which shift
the emission wavelength of the random laser by a value corresponding to several linewidths. The lasing frequency depends
on the size and refractive index of the particles, so varying these parameters, generation wavelength can be precisely tuned.
Later, it was shown that not only spectral position, but the generation threshold also can be controlled [205]. In paper [206]
it was shown that control over the amount of absorption at the emission wavelength is another way to tune the random
laser emission. To achieve that, a nonfluorescent dye is added to the gain medium. The nonfluorescent dye shifts the net
gain curve, so the generation peak is also shifted.

In recent papers [202,207] the transition between different random regimes (from uncorrelated lasing modes of spiky
spectrum to correlated lasing modes with a smooth spectrum) was observed while pumping conditions are changed.
Under appropriate shaping of the pump, a shortening of the emission pulse is achieved that is accounted for the mode
synchronization in a random laser. Control through spatial pump shaping demonstrated in [40] can resolve one of themajor
challenges in random laser technology—how tomake a radiationwith a predictable selectivewavelength. The key approach
proposed in [40] is to use a feedback loop to adjust the spatial profile of the pumping source. The pumping radiation was
directed to the laser in perpendicular direction to the main laser axis. Before reaching the random laser medium, the pump
wave was passed through a spatial light modulator that allows one to program the spatial shape of the pumping light. To
control radiation of random lasers one needs to prepare spatial distribution of a pump wave that will hit different ‘‘random
laser modes’’ (spatial parts of the lasing medium) in a pre-programmed way leading to selective lasing. This approach relies
on the assumption that in a random laser there is a spatial (random) distribution of modes that amplifies photons of a
specific wavelength. This method shows serious promise for the spectral radiation control through the spatial pumping
profile programming [40].

2.9. Low-dimensional random lasers

Usually, the random nature of generation of radiation provides random lasers with special features compared to
conventional cavity lasers, such as pulsed operation, complex non-localized emission spectra or an irregular and unstable
angular dependence of the output beam. Low-dimensional random systems can be used to overcome these problems. In a
theoretical paper [208] itwas shown that in one-dimensional random laser operating in the regime of strong localization, the
generation threshold decreases exponentially with the size of the system. Further, effectively one-dimension random lasing
of directional output was realized in glass multi-layers doped with laser dye of randomly varying thickness [209]. Random
lasing is also achieved in fully organic dye-doped flexible one-dimensional randommultilayer photonic crystal [210].

Using optical fibres as a host for traditional random gain media provides a lot of possibilities. The first work in this
direction was reported in [28] where a directional pulsed random lasing was demonstrated in the photonic crystal fibre
with the hollow core filled with a suspension of TiO2 nanoparticles in a Rhodamine 6G dye solution. In this way, the
fibre waveguide properties are combined with traditional bulk random material (amplifying dye with randomly scattering
nanoparticles) providing one dimensional random lasing. Further, a coherent random fibre laser operating in an extremely
weakly scattering regime was demonstrated in [94,211]. The laser is based on a hollow-core optical fibre filled with a
dispersive solution of polyhedral oligomeric silsesquioxanes nanoparticles and laser dye. The reduced generation threshold
and increased directionalitywas demonstrated in this system. Another direction is to used polymer optical fibres. Dye-doped
polymer optical fibre with nanoparticles incorporated into the core during manufacturing process was used for random
generation in the visible range [212].

Another approach is based on using of a number of UV written in-core fibre Bragg gratings [213,214]. The array of
randomly spaced gratings forms a complex cavity in an active Er-doped fibre, so the random lasing could be achieved under
appropriate pumping. The reflection properties of the cavity and therefore lasing properties of a random laser depend on a
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Fig. 3. Distributed feedback fibre laser cavity (not to scale).

number of gratings in the array. The theoreticalmode analysis of a similar random laser in the presence ofmode competitions
is performed in [215]. A slightly different approach is used in [216] where a random Er-doped fibre laser based on a single
long fibre Bragg grating having a large number of randomly distributed phase errors was demonstrated. The random fibre
laser has a low threshold of 3 mW and a narrow bandwidth of 0.5 pm only. In general, UV light could be used to fabricate a
disorder in a controlledway [217]with a potential for random lasing. Theoretical description of such randomgratingwriting
can be found in [218].

3. Distributed feedback fibre lasers

Fibre lasers represent a broad class of lasers that can be effectively treated as one-dimensional devices. In a single-mode
fibre waveguide, the light is confined in a transverse direction that has a nearly Gaussian beam shape corresponding to the
fundamental transverse mode of the fibre. Assuming that the effective mode area is constant along the fibre, the generated
radiation dynamics is determined only by longitudinal variations of the optical power that is directly proportional to the
intensity averaged over the mode area. This one dimensional spatio-temporal consideration has been shown to be well
justified in a range of fibre-optic and fibre laser problems. However, though at very high powers the linearmode description
can become a less adequate approach due to the impact of nonlinear effects on transversal field distribution.

Spatial variations of the refractive index in fibre cavity affect the properties of lasing. The simple design of fibre lasers
with reflectors spread in space along light propagation direction is represented by the so-called distributed feedback (DFB)
and distributed Bragg reflector (DBR) lasers. DFB lasers were first demonstrated by Kogelnik and Shank in 1971 [219,220]
in gelatin films with induced refractive index or gain periodicity into which rhodamine 6G was dissolved to provide gain. It
is interesting to note that those authors referred to DFB lasers as mirrorless.

This section focuses on the particular case of DFB fibre lasers [221]. The cavity of aDFB fibre laser is schematically depicted
in Fig. 3. An optical pump is injected into the core of a single-mode optical fibre dopedwith rare earth elements. In transverse
direction, the lasing mode is bound to the fibre core due to higher refractive index with respect to the cladding. Feedback
originates from a slight refractive index modulation along the fibre axis; such a periodic structure is referred to as a fibre
Bragg grating (FBG). In the longitudinal direction, the laser mode is localized around a specially introduced phase shift of
the periodic structure.

Below we discuss several examples of DFB fibre laser applications and briefly overview types of DFB lasers and their
history. Basic operational principles of DFB lasers will be illustrated through a discussion of distributed Bragg gratings and
the influence of gain medium. Spectral properties are reviewed in the context of amplitude and frequency noise. We also
examine DFB Raman lasers and gratings with complex structures due to their direct relevance to the main topic of our
review.

Right from the earliest works in the field, studies of distributed feedback lasers have been stimulated by a strong industry
demand for a compact and reliable narrow-band laser source that is appropriate for integrated devices. Semiconductor DFB
lasers are now widely used for data transmission in high-speed fibre-optic networks. DFB laser diodes and DFB fibre lasers
are successfully used in optical sensing, high-resolution spectroscopy of atoms and ions, for interrogating and cooling in
experiments with optical traps including the most precise techniques in metrology. A range of impressive experiments
have been conducted with various gain media and structure types that form laser cavities with distributed feedback.

Among the unique scientific applications of the DFB lasers are experiments onmemory storage. Temporal cavity solitons
may store information during seconds within a passive optical cavity approximately around one kilometre in length [222].
To compensate for cavity loss, a single frequency source with kilohertz linewidth needs to be locked to the cavity resonance.
The DFB fibre laser was employed for this purpose in [222] and subsequent experiments.

In another impressive experiment, the Max-Planck-Institut für Quantenoptik in Garching and the Physikalisch-
Technische Bundesanstalt (PTB) in Braunschweig, both in Germany, were connected by a 920 km long fibre link to compare
frequency standards within some parts of 10−18 [223], which has better precision than that achievable with GPS satellites.
At both locations, the DFB fibre lasers locked to ultra-low expansion cavities provided CW signals that were transmitted to
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another site as a frequency reference. Finally, we note that the megajoule-class laser setup, the National Ignition Facility,
incorporates CW ytterbium-doped DFB fibre lasers as the seed source [224,225].

3.1. Brief history of DFB lasers

We start by clarifying the difference between distributed feedback and distributed Bragg reflector lasers, even though
they are indistinguishable in some cases. The medium with periodically alternating refractive index (modulated gain
or waveguide with a periodic structure as the alternatives) has a set of diffraction resonances at certain wavelengths
that known as Bragg scattering. A key feature is in the presence of sharp peaks in the backward reflection at resonant
wavelengths. DBR lasers consist of volume or waveguide Bragg reflectors with a short-length gain medium between them
that is comparable in sizewith the thickness (length) of Bragg gratings. Examples of activemedia include electrically pumped
semiconductor structures and optically pumped fibre waveguides doped with rare-earth elements. The advantage of Bragg
gratings over conventional mirrors is their narrow reflection spectrum, which makes it possible to achieve generation in a
single longitudinal mode, even in the case of a wide luminescence spectrum of the active medium.

Themain feature of distributed feedback lasers is that the gainmedium and Bragg gratings are superimposed in the same
volume. Backscattering due to grating provides enough feedback to compensate for a power leakage from the cavity by its
amplification in the gain medium. A phase shift of refractive index modulation is usually induced in the central part of the
DFB cavity, whichmakes it possible to divide it in two adjacentmirrors that form a high-quality resonator. This kind of cavity
has just one laser mode with a low threshold, unlike the traditional Fabry–Pérot cavity, which has a set of equally spaced in
frequency modes. As a result, DFB lasers do not suffer from longitudinal mode hopping and may be tuned continuously; for
example, by heating or stretching the cavity.

Both of the above-mentioned early experiments with dye-infused gelatin film with periodic index [219] and derivation
of the coupled wave theory of distributed feedback lasers [226] were pioneered by Kogelnik and Shank. A cavity formed
by gain modulation was demonstrated in 1971 with a dye cell placed at the interference area of two crossed-pump laser
beams [220]. Two years later, semiconductor laserswith optical pumping [227,228] and electrically pumped structures [229]
were demonstrated.

An important step in the development of DFB lasers was the mentioned above invention of a cavity with an incorporated
phase shift in the middle. This defect removes the degeneracy of two frequencies in cavities with refractive index
modulation. A half-wave shift of the modulation phase (that equals to a quarter-wavelength of the light) significantly
improves the cavity finesse as well, allowing it to achieve lasing in media with lower gain per unit length. This ideas was
conceived in early work [230] but only implemented much later in semiconductor lasers [231].

On the other hand, continuous periodic Bragg structures with a significant imaginary contribution to the refractive index
(gain or absorption) do not have either bandgap or degeneracy ofmodeswith respect to lasing threshold; therefore, a reliable
operation is possible without a phase shift in certain types of semiconductor lasers.

The first documented idea of a fibre DFB laser appeared in the mid-1970s [232] and was very different from the first
practical implementation demonstrated decades later [221]. Instead of the initially proposed flash lamp wound in a spiral
around the fibre, this first DFB laser experiment used in-core pumping by a single-mode laser diode. The technology
of fibre Bragg grating inscription by an ultraviolet laser is much more convenient than the initial proposal to corrugate
cladding surfaces, thereby forming a periodic structure. Thus, practical modern DFB fibre lasers hardly resemble the devices
proposed in the first patent [232], though using the key design idea. Nowadays, erbium–ytterbium [221], erbium [233,234],
ytterbium [235] and thulium [236] DFB fibre lasers have been demonstrated. Apart from the usual case of active medium
with ground and excited energy level, it is possible to exploit nonlinear phenomena in passive fibres, namely gain due to
stimulated Raman [237] or Brillouin [238] scattering (SRS or SBS).

We would like to mention the relevant review of Coles and Morris [239] in the rich field of liquid crystal lasers. This kind
of medium resembles photonic crystals with a wide bandgap, and in most cases gain is a result of a combination of dye and
pulsed optical pumping. Lasing has been achieved in different phases of liquid crystals, andmostly they are bandedge lasers,
although defect-mode lasers (with phase shift inside the cavity) are also possible. The possible applications of liquid crystal
lasers include holographic displays and medical diagnostics.

An electrically pumped plasmonic DFB laser has also been realized in ametal–insulator–semiconductor–insulator–metal
structure [240].

It was demonstrated recently that bunches of cold atoms may provide sufficiently high feedback and gain for optical
parametric oscillation when they are arranged is in a one-dimensional optical lattice in superimposed fields of magneto-
optical and dipole traps [241].

The family of vertical cavity surface-emitting lasers (VCSEL) that are essentially semiconductor distributed Bragg reflector
lasers includes mature devices for industry and laboratory prototypes that extend the operational parameters range. Their
generation wavelengths spread from near ultraviolet to 2000 nm. Single-mode or multi-mode high-power single emitters,
1D, and 2D arrayswith efficiency ofmore than 50%have been developed for the lighting and pumping of solid states and fibre
lasers. Development of 1300 and 1550 nm lasers is stimulated by applications in telecommunications. In general, electrically
pumped VCSELs are superior, but lasers with optical pumping may also be of interest for some applications. We do not have
the opportunity to provide a comprehensive overview of VCSELs history or current state of the art here, as there is literature
dedicated to these subjects [242–244]. Overall, a comprehensive overview of the fundamentals, properties, and technology
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Fig. 4. Left: field amplitude of incident wave A and scattered wave B along the Bragg grating (top). Refractive index modulation parameters (bottom). Lg
marks the distance to equivalent reflector for wavelengths close to the resonance. Right: standing wave envelope E = A + B phase with respect to the
refractive index modulation phase for the waves incident from the left side (top) and from the right side (bottom).

of semiconductors DFB and DBR lasers is beyond the scope of this section since there are many excellent review papers and
books in this field [245,246].

Although DFB fibre lasers have a comparable impact with semiconductor DFB lasers review literature on DFB fibre lasers
is relatively limited. Cranch’s paper contains one of the best discussions of the key physical phenomena in the form of a
brief review [247], even though the scope was limited to only erbium DFB fibre laser and their applications for sensing. The
important result is the theory of spectral noise in a low-frequency range [248]. The reviewpaper [249] presents an analysis of
early experimental works and numerical simulations. The DFB fibre lasers are also discussed in the introductory book [250],
though without much detail. The recently published paper by Zervas [251] presents an overview of current research in this
field.

3.2. DFB laser cavity

The cavity of a distributed feedback fibre laser is formed by periodic modulation of the refractive index known as fibre
Bragg grating. Although the reflected wave is formed by light scattered over the whole grating length, it is convenient to
introduce an effective point of reflection that determines cavity length that will be used further.

Kogelnik’s coupledwave theory is a convenientway to describe the interaction of lightwaves travelling in both (opposite)
directions [252]. Specific properties of fibre gratings may be found in the brief review [253] or the books [254,255]. The case
of the fibre laser allows us to consider a one-dimensional problem. Resonance reflection of the guiding mode is a particular
case of Bragg scattering. We start the analysis from the general wave equation for an electric field

∂2E(z, t)
∂z2

−
ϵ∂2E(z, t)

c2∂t2
= 0. (1)

Ignoring polarization, we assume that E is a scalar function. Instead of dielectric permittivity ϵ we will use the effective
refractive index n =

√
ϵ, where modulation along the fibre axis is presented (see Fig. 4) as

n(z) = ne + δn cos[2πz/Λ+ φ]. (2)

Here ne and δn include fibre geometry parameters, core and cladding refractive indices, therefore, for the sake of clarity, we
operate with the effective (average) values. Λ denotes the grating period. Let us make the Fourier transform of Eq. (1) and
consider evolution (in z-direction) of the monochromatic wave E(z, t) = E(z) exp(−2π ict/λ) with a wavelength λ. This
allows us to eliminate time dependence and reduce the problem to the Helmholtz equation for each the spectral harmonics:

d2E(z)/dz2 + (2πn(z)/λ)2E(z) = 0.

Refractive index modulation leads to energy exchange between waves travelling along the z axis in opposite directions;
further, theywill be referred to as left and right travellingwaves. It is convenient to introduce complex amplitudes of incident
A(z) and scattered B(z)waves, slowly varying over wavelength scale, as follows

E(z) = A(z)eizδ−iφ/2+ik0z + B(z)e−izδ+iφ/2−ik0z,

where k0 = 2πne/λB is a wavenumber at the Bragg resonance λB = 2neΛ and δ = 2πne(1/λ − 1/λB) −
1
2dφ/dz

is a wavenumber detuning from the resonance δ ≪ k0. Substituting E(z) to the Helmholtz equation, neglecting second



16 S.K. Turitsyn et al. / Physics Reports ( ) –

derivatives of A(z) and B(z), and averaging over fast oscillations, we come to the set of the two first-order linear differential
equations. It is convenient to write relation of amplitudes at the points z and z + L as follows [256]


A(z)
B(z)


=

cosh qL − i
δ

q
sinh qL −i

κ

q
sinh qL

i
κ

q
sinh qL cosh qL + i

δ

q
sinh qL

A(z + L)
B(z + L)


, (3)

where the parameter q =
√
κ2 − δ2 takes complex values for detuning greater than grating strength κ = πδn(z)/λB. Taking

B(z + ∆L) = 0, which corresponds to the absence of an incident wave at the right edge of the FBG, we may readily get the
following amplitude transmission t and reflection r coefficients:

t =
A(z + L)
A(z)

=
q

q cosh qL − iδ sinh qL
, r =

B(z)
A(z)

=
−κ sinh qL

δ sinh qL + iq cosh qL
.

Close to the resonance, the phase of reflection coefficient has linear dependence on detuning

arg r ≈
π

2
+ arctan

δ
q
tanh qL


, δ ≪ κ.

After comparing the reflection coefficient r = r0e2ik0L to a thin mirror placed at some distance L, it may be concluded that
for detuning δ ≪ κ the grating is equivalent to a localized mirror placed at the distance Lg = (2κ)−1 tanh κL and having a
reflection coefficient (with respect to power) R = tanh2 κL. When considering DFB fibre lasers, we are interested in strong
Bragg gratings R ≈ 1 that may also be expressed as κL ≫ 1. This feature is a result of a relatively low gain compared to dye
or semiconductor media.

As illustrated in Fig. 4, awave propagating through Bragg grating is reflected from each layer of the grating. Incidentwave
A(z) accumulates some phase on each grating layer. For detuning δ < κ , the waves scattered at different points z interfere
constructively, so the incident wave decreases along the grating with rate q. Condition δ < κ defines the stop band of Bragg
gratings, where coupling wave equations have exponential solutions e±qz . Outside the stop band q takes imaginary values
and amplitudes A and B become oscillating functions exp iz

√
δ2 − κ2.

The spectral width of a Bragg grating may be estimated as minimal detuning when the reflection coefficient takes zero
value

δFBG ∼


κ2 + (π/L)2.

For example a grating with refractive index modulation of δn = 10−4 has the width of δFBG ≈ 0.05 nm for the resonance
wavelength of 1000 nm. A grating length of several cmmakes a negligible contribution to the Bragg grating width. Unfortu-
nately, full width at half maximum parameter convenient in practice does not have such a simple analytical presentation.

In a lasing regime there are no incident waves at both edges of the cavity (A(z) = B(z + L) = 0). For the fixed L and κ ,
the condition may be satisfied for a set of complex eigenvalues δ = δ±n − ign/2, where gn are gain for each lasing mode
with respect to power. On the spectrum of the Fabry–Pérot resonator reflection, the modes are identified as minima. The
spectrum of Bragg grating having length of L = 2 and strength of κ = π is shown in Fig. 5. We will only to consider the case
of strong gratings κL ≫ 1. Zeros lie outside of the stop band at detuning δ±n = ±


κ2 + (πn/L)2. The gain necessary for

lasing of±nmodemay be estimated as g/2 ≈ π2(δnL)−2/L. So that each spatial mode is two-fold degenerated with respect
to frequency (sign of detuning), the modes for n = 1 have the lowest threshold. Power in dependence on coordinate z along
the grating for the left and right travelling waves for n = 1, 2 are shown in Fig. 5. In the left part of the figure, lasing modes
are marked as crosses and their ordinates reflects the required gain. They have detuning slightly less than δ1,2 in absolute
values. Frequencies of adjacent modes are separated by approximately π/L, but the intervals are not exactly the same.

Historically, the first DFB lasers correspond to continuous uniformBragg gratings described above. Themaindisadvantage
of this kind of cavity is the possibility of lasing on the two degenerate frequency modes on the bandgap edges. It is
usually easier to form a continuous grating, so the first demonstrations in various media usually happened in this way;
for example, [219,220,227–229,241]. Another approach to avoid degenerate frequencies is to use complex coupling (gain or
absorption modulation). This is suitable, for example, for semiconductor DFB lasers, but not for the considered fibre lasers.

In a high-quality linear laser cavity radiation is captured between two mirrors. A similar scheme may be realized with
Bragg gratings. At the resonance wavelength, the wave reflected by the grating has the phase of π/2 with respect to the
incident wave. The round trip phase must be amultiple of 2π , whichmeans that two Bragg gratings have to be separated by
some distance. It is similar to tuning a Fabry–Pérot interferometer to a specific wavelength. Alternatively, such a structure
with the minimal grating separation may be considered as a single Bragg grating with the change of refractive index
modulation phase in the central region. The phase shift ofπ maximizes the quality of the distributed cavity and is equivalent
to the grating separation of λB/4. As a result of a compensated round-trip phase, spatial mode is localized around the
introduced defect in the periodical structure.

We now take a closer look at the fundamental mode of the π-shifted DFB cavity. Wewill assume that the localized phase
shift may have lengths ranging from parts of a millimetre to several millimetres, either intentionally or due to technology
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Fig. 5. DFB laser with continuous uniform grating. Spectrum of Bragg grating (left). Power distribution along the grating for the first- and the second-order
modes, left and right travelling waves A and B (right). Scattered wave power for resonance wave δ = 0 added for comparison.

Fig. 6. DFB laser with π-shifted grating. Spectra of phase shifted grating and of the continuous grating of the same length (left). Fundamental δ0 and first
order δ±1 mode power distribution along the grating length (right). Left A and right B travellingwaves at the grating edge for the fundamental mode (inset).

limitations. The intensity of a resonant signal wave exponentially dropswith distance from the phase shift location.We have
introduced a grating effective length above, so the effective length of the cavity takes the form

Le,DFB = 2Lg = 1/κ.

Cold-cavity resonance width (FWHM) for a DFB laser may be written using the expression for the Fabry–Pérot interferome-
ter, having two mirrors of reflection and transmission coefficients (with respect to power) R1, R2 and T1, T2 in the following
form (for the sake of simplicity we neglect signal absorption in the cavity medium):

∆νFWHM =
c(1 −

√
R1R2)

2πneLe 4
√
R1R2

≈
c

4πneLe
(T1 + T2).

The grating reflection spectrum and the mode profile along the fibre are shown in Fig. 6. They are plotted for a laser with
a total grating length of L = 4 cm and grating strength κL = 2π . These values correspond to Le = 0.64 cm effective cavity
length, T1 = T2 = 0.7% reflector transmission, and resonance width δFWHM = 0.012/cm or δνFWHM = 38 MHz.

An analogy with a Fabry–Pérot interferometer is valid only for the fundamental longitudinal mode of a π-shifted DFB
laser. Unlike an equally spaced spectrum of the modes that have the same quality factor, higher modes of a distributed
feedback cavity lie outside the grating stop band, which means they have much lower quality and oscillating longitudinal
profiles. In Fig. 6 the profile of the first mode is vertically scaled by a factor of 20. Higher-order modes have significantly
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Fig. 7. Distributed Bragg reflector laser. Spectra of the cavity and the Bragg gratings (left). Power of the right and left travelling waves of the lasing mode
and refractive index profile (right). FBGT and FBGR are output and dense Bragg gratings, respectively.

higher thresholds, which means that DFB lasers possess stable single frequency operation. It should be noted that this
threshold may be reached in fibres that have excessively high gain since the fundamental mode saturates only the central
region of the grating.

Another option is to write a couple of Bragg gratings with a distance between them that is comparable to the length of
the gratings. The rationale for this kind of structure, referred to as a distributed Bragg reflector (DBR) laser, is that a piece of
active fibre may be spliced in between pigtails with enhanced sensitivity to UV exposure. An example of a cavity that has a
different mirror reflectivity is presented in Fig. 7. The laser emits mostly from the side of the weaker grating. DBR cavities
often have significantly lower quality factors than DFB lasers. The optical path between the gratings must be maintained
because the lasing mode wavelength must be at the maximum of their reflection spectra; otherwise, longitudinal mode
hops and frequency instabilities may appear. It may be noted from the cavity spectrum that it supports more than one
longitudinal mode having the close quality factors. The plotted longitudinal profiles represent the case of the medium with
high enough gain. Note that DBR fibre lasers based on phosphate fibres with extremely high active ion concentration have
been demonstrated in experiments [257].

Formally, any Bragg gratings in the laser cavity provide distributed feedback. In fact, the effect is noticeable while the
separation distance Ls is not too large. The effective length of laser cavity is equal to

Le,DBR = 2Lg + Ls = 1/κ + Ls.

When cavity parts with refractive index modulation are significantly shorter than the intermediate region, the system
becomes a traditional linear laser cavity with localized mirrors. Any dielectric mirror is a case of a thin (or short in terms of
this section) Bragg reflector. For sufficiently long lasers, the cavitymay be considered as a Fabry–Pérot interferometer almost
for the full bandwidth of the Bragg grating, and this spectral region is filled by equidistant cavity modes. A discrete lasing
mode structure is a consequence of deterministic coherent feedback provided by Bragg reflectors. In cladding-pumped fibre
lasers which generate the power of Watts level and have a cavity length of several metres, the nonlinear effects come into
play, that means cladding-pumped fibre lasers simultaneously generate multiple longitudinal modes. This case is outside of
the scope of this section, however.

It is well known that for a Bragg grating with a rectangular profile of refractive index modulation, the reflectivity drops
quite slowly with an increase of detuning R(δ) ∼ 1/|δ|2 for |δ| ≫ κ . This is unacceptable for a series of DFB fibre lasers
that are incorporated sequentially into a single fibre line. Such a chain of lasers with slightly different wavelengths may be
used as a set of fibre sensors. A smooth refractive index profile at the grating edges suppresses an amplitude of side lobes.
Similar towindow functions in signal processing, this technique is known as apodization. An important specific requirement
for DFB fibre lasers is both the grating edges and the phase shift are made smooth. This can be achieved either by gradual
change of phase or modulation amplitude [258]. This point has not been fully recognized by some other researchers [259].

Since the main part of this review is devoted to the Rayleigh scattering, it is worth noting that any sort of external
optical feedback sources may deteriorate conventional DFB fibre laser performance. Increased frequency and amplitude
noise, their cross-coupling or even self-pulsation are especially important in remote sensing where long spans of fibre are
inavoidable [247].

Therefore, in Eq. (2) an amplitude of refractive index modulation δn(z), average index ne(z) and phase φ(z) may be
functions that are slowly varied over the grating period Λ. In this case, the Bragg grating can be approximated by a stack
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of short gratings with constant parameters; in other words, a rectangular profile. Similar to Eq. (3) it is possible to describe
the tapered grating by the product of matrices representing rectangular gratings. This is a variant of the fundamental or
F-matrix approach proposed by Yamada and Sakuda [256], which is referred to as the transfer or T -matrix method. A
FBG with an arbitrary profile may be represented as a product of matrices describing short gratings with almost constant
parameters (fundamental or transfer matrix approach). This is a sufficiently accurate and dramatically faster approach than
a direct treatment of the Helmholtz equation, which requires integration with sub-wavelength steps.

When considering cavity modes, we have neglected nonlinear refractive change due to the Kerr effect. This assumption
is valid for a typical DFB fibre laser, but the effect must be taken into account for Raman DFB fibre lasers, which are discussed
in [260] and further in Section 3.5.

The fibre DFB lasers feature a refractive index Bragg grating with phase shift and achievable grating strength that
determines a device length of several cm. Fibre Bragg grating may be written by CW frequency-doubled argon ion lasers
operated at 244 nm or by excimer lasers; for example, at 193 nm. The presence of Ge2O3 in the fibre core makes it possible
to modify the refractive index through UV exposure. Alternatively a B/Ge ring around the core may be formed if Ge ions
degrade the performance of rare-earth active ions. An oscillating pattern of UV intensity is formed by the interference of
two beams. The laser beam is split by a special diffraction grating (referred to as a phase mask) working in transmission and
designed for enhanced ±1 diffraction orders while suppressing the zero-order beam. An active fibre is placed just behind
the phase mask. In long gratings used in DFB fibre lasers, the focused UV beam is scanned along the fibre and the phase
mask. The phase shift is induced by a longitudinal shift of the phase mask relative to the fibre, (for details, see [254]). The
DBR fibre laser cavity may be also written by point-by-point technique using a femtosecond laser that has been reported
in [261].

We have considered in this section some basic properties of laser cavities with distributed feedback formed by Bragg
gratings. For the cavities with refractive index coupling, the phase shift in the middle of the grating dramatically increases
cavity finesse and removes degeneracy of the longitudinal modes. The low threshold mode makes DFB lasers inherently
stable single-frequency sources with nomode hopping. The distributed nature of optical feedback plays a crucial role, while
the total effective cavity length is comparable to the effective length of the Bragg reflectors. The intensity of the lasing
mode varies along the cavity by orders of magnitude; for DFB fibre lasers it is determined solely by Bragg gratings with
a negligible contribution of gain. Lasing with a narrow spectrum is possible due to deterministic coherent feedback with
smooth dispersion characteristics close to the peak of Bragg grating reflectivity.

3.3. Steady-state models of DFB fibre lasers

Numerical models are often considered to be an easier way to analyse DFB FLs than the analytical approach. Signal power
variation along the cavity, spatial hole burning and excited state absorption make it difficult to provide useful analytical
expression for laser parameters.

A reasonable agreementwith experimental datawas achieved for a numericalmodel of an ytterbiumDFB fibre laser [262].
The local energy state population was expressed through pump power and signal fields. After averaging saturated gain to
encounter spatial hole burning, a set of differential equations for the signal wave’s envelope and pump power in dependence
of the coordinate along the fibre was obtained and solved numerically.

Linear signal loss was introduced to a similar model of erbium DFB FL in order to find the optimal parameters of FBG
strength and the phase shift position [260,263]. Limited by cross-relaxation erbium concentration, leads to low pump
absorption and signal gain. Increasing grating strength to enhance signal field and pump–signal interaction works until
signal loss (induced, for example, during UV exposure) becomes important.

The case of erbium–ytterbiumDFB fibre lasers requires an extension of the rate equations to take into account the energy
transfer between ytterbium and erbium ions. Pump absorption at 980 nm is enhanced by a high concentration of Yb ions,
while erbium makes it possible to achieve lasing of approximately 1550 nm. To fully exploit advantages of versatile Bragg
grating writing techniques [264,265], a grating strength was varied to obtain the highest Er:Yb DFB laser power [266–268].
A DFB cavity with optimal strength resembles a Fabry–Pérot cavity with mirrors concentrated on both sides of the active
medium; this makes it possible to maximize cavity effective length and improve pump–signal energy exchange.

A detailed theory of DFB fibre lasers was developed by Scott Foster. The description of the longitudinal mode profile
and erbium laser slope efficiency are given in [269–271]. Other groups have slightly corrected definitions of Er-doped fibre
parameters [272] and discussed specific properties of thulium [273] and ytterbium lasers [274].

Whether the laser threshold can be reached is determined by the obvious relations for effective cavity length Le,
unsaturated gain gl, mirror transmissions T1,2 and unsaturable linear losses owing to scattering and defects α0

glLe >
1
2
(T1 + T2)+ α0Le.

For the cavity with abrupt π phase shift Le = 1/κ , where κ is FBG strength. If the total FBG length is L and the phase shift
divides it into even parts, then T1,2 = 1/ cosh2(κL/2) ≈ 4e−κL. The right part may be determined in the experiment by
tuning similar DFB laser over the resonance of the FBG under the test since total cavity losses are proportional to resonance
linewidth.
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Fig. 8. Ytterbium DFB fibre laser slope efficiency in dependence on grating strength and phase shift position. The total grating length is 4 cm, its strength
is constant, phase shift is localized, background signal loss α0 = 0.028 cm−1 , lasing wavelength is λl = 1030 nm, pump wavelength is λp = 976 nm.

The threshold gain for a 4-cm long DFB cavity having FBG strength κ = 2 cm−1 is equal to gt = 2.7 × 10−3 cm−1
=

1.2 dB/m. This number may be compared with the minimal gain (with respect to power) required for lasing with con-
tinuous FBG [226]. Assuming strong index coupling and negligible gain coupling, we get an approximate number gt =

(2/L)[π/(κL)]2 = 7.7 × 10−2 cm−1
= 33 dB/m. This shows that DFB cavities with π-shift have a significantly lower

threshold.
In order to express the slope efficiency of DFB fibre laser we must introduce some fibre properties (see [275] for

details). Amplification in ytterbium and erbium (neglecting excited state absorption) doped fibre may be described by quasi
two-level system with excited state lifetime τ2. Below, l and p subscripts denote laser and pump beams with according
wavelengths. αp,l are absorption coefficients (per unit length) due to pump/lasing transitions at zero inversion, and gp,l are
gain values at full inversion. These quantities are defined with respect to power (not amplitude). Note that αi ≠ gi due
to levels splitting and broadening. The pump-lasing energy exchange is actually characterized not by gl and αp, but by the
dl = (glαp−αlgp)/(αp+gp) and dp = (αpgl−αlgp)/(gl+αl) parameters. Therefore, in this sense, the above expressionswith
gl are not strictly correct. To reduce subscripts usage, let us denote for the purpose of this section the power at the lasing
wavelength as I , and the pump beam power as just P . We can introduce a saturation power It = hcnReAnRe [λlτ2(gl + αl)]

−1

where nRe is the volume concentration of rare-earth ions and AnRe is the doped area cross-section. The similar expression
is valid for pump saturation power Pt . Amplification of a travelling wave is given by the expression I−1dI/dz = (dlP/Pt −

αl)/(1+ I/It + P/Pt)− α0. The saturated gain for the standing wave in the DFB fibre laser has the following form for a laser
with rectangular FBG profile and localized π-shift (dlP/Pt − αl)[1+ P/Pt ]−1

[1+ Xe−2κ|z| cos2(kz + φ)]−1, where X denotes
saturation factor. Assuming that I0 and P0 are powers of the lasing andpumpwaves at the phase shift, yieldsX = 2I0Pt/(P0It).
Lasing powers at the grating edges I1,2 are I1,2 = I0T1,2/2.

The key equation that makes it possible to determine saturation parameter is given in above-cited works of Foster [269,
270]

4dl
κX

ln

√
X + 1 + 1

2
=

T1 + T2
2

+
α0

κ
. (4)

For an arbitrary FBG profile the left-hand side can be written in the following generalized form

G(X)
dl
κ

=
dl
κ

 zr

zl

|e(z)|2

1 + XLe|e(z)|2/2
dz (5)

which may be considered as definition of the function G(X) that will be used later. Here, e(z) is a normalized longitudinal
mode profile. Finally, the slope efficiency (for each edge) reads:

η1,2 =
XItT1,2
4Pt

or η1,2 ≈
2λpdpT1,2

λlκ(T1 + T2 + 2α0/κ)
ln

√
X + 1 + 1

2
. (6)

A weak saturation approximationmay be found in Foster’s works. As an example, Fig. 8 demonstrates the slope efficiency of
an Yb-doped DFB fibre laser when grating strength and π-shift position are varied. The calculations include correction for
pump absorption along the laser cavity [269,274].
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3.4. Temporal dynamics and noise properties

After studying steady-state parameters, the next step is to examine the impact of ambient noise and fundamental
fluctuations on the laser power and its spectrum.

The relative intensity noise (RIN) of an erbiumDFB fibre laserwas calculatedwithin the numericalmodel in [276]. Steady-
state distributions of signal waves and inversion population were derived from a numerical model of DFB cavity [260].

An experimental study and an analytical description of amplitude and frequency noise components were performed
by Rønnekleiv in [277]. He considered erbium-doped DFB fibre laser within a phenomenological model. Values of cavity
parameters such as a round-trip time, a gain, reflection coefficients of mirrors were chosen to be close to experimental ones.
However, the model does not take into account a strongly nonuniform longitudinal distribution of the power in the DFB
fibre laser.

In the following Sections 3.4.1–3.4.3, we present ideas and results from works published by Foster dedicated to the
theory of DFB fibre lasers [248,269,278]. It includes a dynamic laser model and a contribution of the spontaneously emitted
photons to the relative intensity noise and frequency fluctuations [269], equilibrium heat transfer fluctuations which have
higher impact on spectral noise below the relaxation oscillation frequency [278], and, finally, a 1/f contribution to the low-
frequency spectral fluctuations was attributed to temperature fluctuations owing to spontaneous photons which are not
related to lasing [248].

For lasers having a spectral linewidth of order of 1 kHz, external noise sources become important: pump noise, ambient
temperature changes, vibration, and acoustic noise. So it is instructive to provide expressions for the fundamental noise
limits (assuming a pump laser without any noise and a properly isolated laser cavity) and for the response functions to the
perturbations by external sources.

Let us establish important numbers in the frequency scale for DFB fibre lasers. An effective cavity length of about of
1 cm determines a cavity round trip time of 10−10 s, so the perturbations should be considered as adiabatic. Excited state
lifetimes for rare-earth ions are 10−2 s for erbium and approximately 10−3 s for ytterbium. In the rate equations, lifetime is
accompanied by the ratio of saturation power and pump or signal power within the cavity, so the actual time-scale should
be divided by 100 or 1000. As a result, relaxation oscillation frequency may be of the order of 100 kHz (perhaps 10 times
lower or higher dependent on dopant and cavity quality). Below we determine time-scale of thermal processes that are
slower than relaxation oscillation.

To clarify themeaning of the termnoise, it is instructive to considermeasurement techniques. Amplitude noise in a signal
of power P (relative intensity noise (RIN)

RIN = ∆P/⟨P⟩

may be measured directly (through corresponding transform) with a photodiode and a radio-frequency (RF) spectrum
analyser. The regions of interest are relaxation oscillation resonance and level of fluctuations at low frequencies. Note that
noise in the pump source and effects inherent to gainmedium such as an absorption of the excited state and cross-relaxation
for the active (erbium-doped) fibre may deteriorate laser performance.

The DFB laser spectrum is too narrow for spectrum analysers based on diffraction gratings, and also for Fabry–Pérot
interferometers with moderate finesse. Straightforward for semiconductor lasers, the self-heterodyne technique is suitable
for determining spectrum linewidth [279]. The signal is split into two parts. One beam is delayed using a fibre spool by a time
greater than coherence time, and in the other path frequency is shifted by an acousto-optic modulator. The laser linewidth
is obtained from the beat signal spectrum of the two interfering beams. A 100 km long delay line (0.5 ms time) is unable to
provide a reliable result for a linewidth of less than 2 kHz.

A fibre interferometer with l = 1–100 m path difference allows to obtain a spectral noise power density function that
is indispensable for the characterization of fibre sensors. Let us consider electric fields in the laser field with negligible
amplitude variation

E(t) = E0e−iωt−iφ(t)

where ω is a constant optical circular frequency and φ describes phase noise in the wave. The normalized low-frequency
interference signal detected by a photodiode is

|E(t)+ E(t − τ)|2/(4E2
0 ) =

1
2
(1 + cos[φ(t)− φ(t − τ)]) ≈

1
2
[1 + 2πτδν(t) sin(ωτ + π/2)].

Here δν(t) is a deviation of optical frequency from the optical carrier (τδν ≪ 1). Either τ or ω may be tuned to ensure
sin(·) ≈ 1, so the time evolution of frequency deviation may be determined by recording the power variation in time

δν(t) =
cδP(t)
2πnl⟨P⟩

,

where we have substituted τ = ln/c. To obtain frequency noise probability density function samples of δν(t) of certain
length T are recorded. After the Fourier transformation, the power at each frequency f is normalized to the time T and
averaged over samples. Different versions of this technique are summarized in [247].
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Either Michelson or Mach–Zehnder fibre interferometers may be used in the measurement. The former, used with
polarization independent Faraday rotating mirrors, is advantageous because it helps avoid signal fading due to polarization
rotation in the spools of the fibre. Orthogonal polarization came back to the coupler from both arms, so maximum fringe
visibility is ensured.

We will use the following definition for Fourier transformation here. Please note, that other definitions are often used in
the signal theory literature.

F(ω) =


+∞

−∞

F(t)eiωt dt, F(t) =


+∞

−∞

F(ω)e−iωt dω
2π
.

This notation is convenient with respect to integrals in the frequency domain dν = (2π)−1 dω. Parseval’s theorem (having
the meaning of energy conservation) has the form

+∞

−∞

|F(t)|2 dt =


+∞

−∞

|F(ω)|2
dω
2π
.

Further we will use double-sided power spectral density functions that are related to correlation functions

SF (ω) =

 +∞

−∞

⟨F(t)F(t + τ)⟩t eiωτ dτ
, 

+∞

−∞

SF (ω)
dω
2π

= ⟨|F(t)|2⟩.

If Sν(2π f ) is the power spectral density of the laser frequency noise, then

⟨E(t)E(t + τ)⟩ =
E2
0

2
exp


−4πτ


+∞

−∞

Sν(ω′)
sin2(ω′τ/2)
(ω′τ/2)2

dω′τ

.

For example, for the constant Sν we have ⟨E(t)E(t + τ)⟩ = (E2
0/2) exp(−4π2τ) and a Fourier transformation of the

correlation functions gives us the Lorentz function as having FWHM of

δνFWHM = 4πSν . (7)

We should reiterate that Sν is defined as a double-sided noise spectrum.

3.4.1. Impact of spontaneous emission
In this section, we will discuss the impact of spontaneous emission of photons to the lasing mode on the amplitude and

spectral noise of DFB fibre lasers. Essentially, this problem is close to the seminal Schawlow and Townes’ consideration of the
laser linewidth [280] and a problem of the contribution of the amplitude noise to frequency fluctuations in semiconductor
lasers which was considered through the complex susceptibility by Henry [281,282]. Spontaneous emission determines the
amplitude noise thatwill be referred to as a relative intensity noise (RIN). However, spontaneous emission is not the primary
noise source for the spectral fluctuations.

Actually, we start with a transfer function that describes the amplitude and frequency modulation in response to pump
wave power perturbations. The similar approach in which amplitude fluctuations are considered as an excitation force, will
further result in the description of the laser noise spectra.

In general we will follow the theory developed in [269]. Due to the different time scales of cavity round trip time and
laser power variation time, the wave equation may be treated by the separation of variables to the time-varied factor and
normalized longitudinal mode profile

E(z, t) = A(t)eiωt+φ(t)e(z),


|e(z)|2 dz = 1.

Local saturated gain coefficient g(E, t) is time-dependent as well. It is sufficient to retain just the first derivatives of A, q and
φ in the decomposition (with respect to time) of the wave equation. Complex and real parts give us the equations for the
field amplitude and its phase, respectively. Time-dependent variations may be considered as small corrections to the steady
state solution, so generation amplitude A(t) becomes A(1 + ϵA(t)).

Considering a weak modulation of the pump beam power P(t) = P̂ + P (1)(t), where P̂ is averaged pump power, we
define modulation transfer function HP(ω) for the frequency domains where ϵA(ω) and P (1)(ω) do exist from the following
equation:

ϵA(ω) = HP(ω)
P (1)(ω)

P̂
. (8)

To write down the expression for HP(ω), it is convenient to introduce the relaxation oscillation frequency ω0 and the
term D(ωτg) that determines the resonance width of the relaxation oscillations:

ω2
0 =

c
neτ2


dl

P
Pt

− αl


, D(ωτg) = G


X̂

1+iωτg


− G(X̂).
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Fig. 9. Relative laser power variation in response to pump modulation.

So HP(ω) can be found from

HP(ω) = −
iωdlc

2ne(1 + iωτg)[ω2 − ω2
0D(ωτg)]


G


X̂
1+iωτg


+

(qc + α0)

idlωτgG(X̂)


D(ωτg)− iωτgG(X̂)


. (9)

Here G(X) is the ratio of space averaged gain to the unsaturated value in dependence on the saturation parameter X and
defined by Eq. (5), qc = (T1 + T2)/(2Le) is cavity losses normalized per unit length (see Eq. (4)), parameters dl, αl and τ2 are
given in Section 3.3, τg = τ2/(1 + P/Pt).

The response function is plotted in Fig. 9. The expression given above is not as compact as in [269], but it does provide
the proper value of 1 when ω → 0. It is a consequence of the linear relation of the pump and the laser power.

The same transfer function describes the laser frequency modulation that appears if gain variation leads to changes in
the refractive index (see, for example, [283]). By introducing µ = dReχ/dImχ as the ratio of real and imaginary parts of
complex susceptibility associated with active ions, we may write

δν

δP
(ω) = −

iµωHp(ω)

2π P̂
, (10)

where ν is the laser frequency. Since steady-state round trip gain does not depend on the pump and laser power, the
frequency response function goes to zero at low frequencies. The factor µ depends on the laser wavelength. Equating its
value to 1, we get the functions shown in Fig. 11. Relaxation oscillation frequency increases with growth of the pump power.

The same approach allowed Foster to take into account the process of spontaneous emission into the lasing mode. An
idea how to calculate the power of the noise source may be found, for example, in Yariv’s textbook [284]. If there are nl
photons in the lasing mode, each spontaneously emitted photon changes the phase of the field by δφ2

= 1/(2nl), and
the amplitude by δϵA = (1/N)eiψ , where ψ is a random phase. The rate of such events is dnsp/dt . The photon loss rate is
dnl/dt = −nlc/ne(qc + α0). We intentionally drop the contribution of the gain or, in other words, the contribution of the
stimulated emission, and consider a cold-cavity photon loss rate. Stimulated emission compensates photons loss, so the
number of photons is kept almost constant. If T1 is the transmission of the output coupler (the grating half), we will see a
laser power of

I = −
T1/2

Le(qc + α0)
·
dnl

dt
hν.

So we may obtain the mean number of photons nl = ILe[c/neT1hν]−1.
To calculate the ratio δnsp/δnl of stimulated to spontaneous photons emission rates, we will use the following relation

being equivalent to the power amplification: dnl/dz = (nl + 1)N2Γlσe − nl(ΓlN1σa + α0). Spontaneously emitted photons
are described by the additive factor 1 in (nl + 1)). Here N1 and N2 = nRe − N1 are populations of lower and upper levels,
respectively; Γl is overlap integral between pump and generation transverse fibre modes; and σe and σa are cross-sections
of emission and absorption processes. By performing an integration with the weight of |e(z)|2 and taking into account that
the single pass gain is equal to the losses qc +α0, we get the relation between the number of spontaneous emitted photons,
δnsp, and the number of stimulated photons, δnl. The different factors at N2(z) results in gl/(gl + α0) factor. The details of
Foster’s model are given in [269]. Note that, due to some typos, the expressions there should be critically examined.

For the sake of brevity we introduce a factor that accounts for the inversion population in a lasing regime and reflector
transmission in relation to the total cavity losses ζ = gl(gl +αl)

−1
[1+αl/(qc +α0)](T1/2)[Le(qc +α0)]

−1. Since the power
of the noise source is proportional to (2nl)

−1dnsp/dt = [δnsp/δnl](2nl)
−1dnl/dt , we may write an expression for the power

spectral density (double-sided) of the relative intensity noise

SRIN =
hνc2(qc + α0)

2ζω2

I1n2
e |ω

2 − ω2
0D(ωτg)|2

.
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Fig. 10. DFB fibre laser RIN spectra (theory). Pump powers are 5 and 50 mW; the generation threshold is ∼0.7 mW.

The direct contribution of the frequency noise to the phase noise from spontaneous photons has following form:

Sν =
hνc2(qc + α0)

2ζ

16π2n2
e I1


1 + µ2 ω4

0|D(ωτg)|
2

|ω2 − ω2
0D(ωτg)|2


. (11)

The examples of the calculated RIN spectra are plotted in Fig. 10. Contribution of this effect to the frequency noise a
shown as curves 3 and 4 in Fig. 12.

The expression for the laser linewidth (FWHM)

∆νlas =
2πhν(∆νc)2

I
ζ (12)

that is often referred to as Schawlow–Townes formula [280],may be obtained by settingµ = 0, using Eq. (7), and introducing
the full width of the cold-cavity resonance∆νc = c(qc + α0)/(2πne). Actually the expressions are different by the factor of
two, and the samediscrepancymaybe found in theYariv’s textbook [284]while using differentways to obtain the expression
for the∆νc . As it was pointed by Lax in [285], the smaller factor appears if the laser is properly considered as a Van der Pol
oscillator, and the value larger by the factor of 2 originates from a harmonic oscillator excited by a random force which
model describes a laser below the generation threshold.

Experiments with early DBR erbium fibre lasers [286] demonstrated that the frequency noise spectrum at high enough
frequencies (above 50 kHz) is consistent with Schawlow–Townes limit (about 35 Hz for 95% reflectivity mirrors, 2 cm long
cavity and 150 µW power).

In this section we have considered dynamic model of the DFB fibre laser [269], namely its behaviour under weak pump
modulation and linewidth limit and frequency noise due to spontaneously emitted photons in the lasing mode.

3.4.2. Contribution of thermal effects to noise properties
Any change of FBG length leads to a deviation in laser frequency. Itmay be due to an intentional strain by the piezoelectric

transducer or an impact of ambient noise on the laser package. The effect is noticeably mitigated by the refractive index’s
dependence on elastic tension in themedia. Laser frequency is also affected by transverse pressure on the fibre cladding (for
example, by high frequency acoustic waves in the air [287]). The DFB cavity is especially sensitive to perturbations localized
close to the phase shift position. It may even affect laser power if resonance is shifted far enough from the FBG maximal
reflection.

Another effect, which is often exploited for wavelength tuning (1 nm to provide some impression) and leads to frequency
noise, is temperature dependence of the refractive index. For fused quartz it is an order of magnitude greater than thermal
expansion. The cumulative effect may be estimated as q = δλ/(λδT ) = 0.7 × 10−5 K−1 or 1.4 GHz/K at 1550 nm.

Time-dependent laser frequency variations due to temperature instabilities may be described through a response
function that depends on modulation frequency. Thermal time scales are defined by the relation of circular frequency of
a thermal wave ω and its wavenumber

k2h = ωcv/κt ,

where κt = 1.37 W/(m K) is thermal conductivity and cv = 1.67 × 106 J m−3 K−1 is specific heat per unit volume. For
125 µm cladding we get 330 Hz, for 5 µm core it is 200 kHz.

Thermal oscillations in low-frequency acoustic waves affect laser frequency [287]. Pump absorption is accompanied
by heating the fibre. It was somewhat unusual for laser spectral line-width to grow with increasing pump and signal
power [288] and this finding attributed to pump noises [289].
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Fig. 11. Frequency response to pump power modulation for an Er DFB fibre laser (theory).

In detail, the effect of pump noise/modulation onto laser frequency has been studied theoretically and experimentally
by Foster and Tikhomirov [290]. Assuming mode field distribution e(r) (normalized by


|e(r)|2 dr = 1), laser frequency

deviation may be expressed through medium temperature deviation from the mean value T (t, r)

δν(t) = νq


T (t, r)|e(r)|2 dr.

Thus, we must solve the heat equation in the presence of heat sources Q (t, r)

cv
∂T
∂t

− κt∇
2T = Q (t, r). (13)

For efficient laserswritten in fibreswith high ytterbium concentration, heat generation caused by pump–signal exchange
plays a crucial role. The following analysis is limited to erbium lasers where pump power P remains almost constant along
the cavity and heat is generated due to some residual lossesµh attributed to erbium ions with concentration nRe. Instructive
results may be obtained on the assumption that infinite cladding fibre and uniform ion concentration within the laser mode
of radius a has a transverse profile e(ρ, ϕ) = a−1√2/πe−ρ2/a2 . Therefore, heat deposition is z-independent and has the
form Q (t, r) = µhnReP(t)e(ρ).

A formal solution for the heat equation may be written in the (ω, k) domain. We are mostly interested in a frequency-
dependent response function, so the backward Fourier (or Hankel) transformation shall only be performed for awave vector.
The procedure includes averaging the weighted by transverse mode profile, and the result is

δν(ω) = P(ω)
µhnReqtν

2κt
E1(ik2ha

2/4) exp(ik2ha
2/4),

where E1(·) denotes an exponential integral [291,292]. Since the thermo-optic coefficient represents relative change of
the refractive index, the expression does not contain effective cavity length. Spectral dependence of response to pump
modulation looks similar to random heat flux contribution to the noise spectrum. In the low-frequency limit, the border
conditions at the fibre surface play the crucial role; specifically, the cavity may be fixed at the heatsink with thermal
conductive grease or, conversely, the conditions may be closer to insulating.

To provide an example, we will assume a high-quality fibre and low population of the metastable level, so thermal depo-
sition may be expressed through the pump absorption coefficient and the quantum efficiencyµhnRe = gp(1−λp/λl). A fre-
quency response function dν(f )/dP in dependence ofmodulation frequency f is shown in Fig. 11 for two pumpwavelengths
λ = 980, 1480 nm. A relatively lowpump absorption coefficient has been taken (gp(980 nm) = 5 dB/m and gp(1480 nm) =

3 dB/m). The order of magnitude difference appears due to a significant difference in the quantum defect. Pump power fluc-
tuations at the microwatt level lead to a frequency modulation of kilohertz levels. The effect is much more prominent for
Yb and Er:Yb fibres that have higher pump absorption coefficients.

In further discussions on frequency noise we will assume that the pump source has no any noise, a fibre-based cavity
is effectively isolated from vibration, ambient acoustic noise and temperature fluctuation. In the experiment, this may be
achieved by placing the cavity in the groove of heatsink mounted on a thermoelectric cooler with an appropriate control
circuit.

Heat transfer fluctuations present one of the sources of frequency noise that is more important than spontaneous
emission noise at low frequencies. The problem of thermal noise due to random heat fluxes in fibre interferometer (for
passive fibres) was discussed by Wanser [293]. Rønnekleiv discussed the impact of thermal noise on the laser frequency
noise in [277]. Foster calculated thermal noise, taking into account a longitudinal profile of the lasing mode [278]. This
provides a description of spectral noise PDF in the intermediate range of 10–100 kHz. To derive an expression for spectral
noise, one should substitute into heat equation (13) random heat currents

Q (t, r) = ∇h,
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Fig. 12. Contribution of differentmechanisms to the power spectral density of the frequency noise in the erbium-dopedDFB fibre laser. 1. A heat dissipation
due to spontaneous transition not associated with lasing, see Eq. (15) and Section 3.4.3. 2. Fluctuations of the equilibrium heat transfer, see Eq. (14) and
Section 3.4.2. 3 and 4. Spontaneous emission into the lasing mode for the pump power of 5 and 50 mW, respectively, see Eq. (11) and Section 3.4.1.

with the following expression for the correlator

⟨hi(ω, k)h∗

j (ω
′, k′)⟩ =

κtKT 2

8π4
δijδ(ω − ω′)δ(k − k′),

where K = 1.38 × 10−23 J/K is Boltzmann’s constant. Depending on the laser’s purpose, fixed temperature or thermal
insulating boundary conditions must be considered on a cladding surface. Following Foster, we provide an expression for
infinite cladding approximation. In general, the steps to derive it are similar to those mentioned with respect to pump
modulation impact. However, a longitudinal mode profile should be taken into account.

2Sν(ω) =
2ν2q2t
Lh

KT 2

2πκt
Re

E1(ik2ha

2/4) exp(ik2ha
2/4)


, (14)

where Lh = 2/κ = 2Le, see [278] for details. The curve 2 in Fig. 12 is an example of frequency noise spectrum calculated
from the last expression.

In this sectionwe have presented the results from [278,290] and described laser frequency fluctuations owing to thermal
effects, namely pump power perturbations and heat transfer fluctuations within the fibre medium.

3.4.3. 1/f spectral noise
In the frequency range 10Hz–10 kHz the power spectral density of the frequency noise is dominated by 1/f contribution.

Such behaviour is not specific to DFB fibre lasers and could be found in semiconductor and solid state lasers. It cannot
be described neither by spontaneous photons in the laser mode nor by fluctuations of the heat transfer considered in the
previous section.

To resolve the 1/f problem, Foster pointed to the statistics of spontaneously emitted photons in heavily doped fibres
that are not connected with the lasing mode [248]. The discussion of the effect provided below aims to be somewhat
complementary to the original paper [248].

HeatQ1 dissipated on each photon emission event gives us another kind of a source in Eq. (13). This process is assumed to
be instantaneous Q1δ(t− tj) at some time tj. If nRe is a volume concentration of rare-earth ions, than an average heat dissipa-
tion per unit volume is expressed by ⟨Q (t, r)⟩ = Q1nRe/τ2 multiplied by some factor due to the partial inversion. Ameanheat
dissipation leads to a temperature shift and does not affect temperature variations. Further we are interested in fluctuations
only. The Poisson statistics, that is usually assumed to be a case, have the following relation of the variation and the mean
value for photon number, ⟨δN2

⟩ = ⟨N⟩ in the case of independent in time events with additive probability. The correlation
function is described by ⟨Q (t, r)Q (t ′, r′)⟩ = Q 2

1 nReτ
−1
2 δ(t − t ′)δ(r − r′) or ⟨Q (ω)Q ∗(ω′)⟩ = 2πQ 2

1 nReτ
−1
2 δ(ω − ω′) Unfor-

tunately, it is not sufficient to describe fluctuations of the laser frequency due to heat associated with photons absorption
or emission.

The superposition of photons is described by the sum of complex-valued amplitudes. The state with many photons may
be approximated as a random walk of an amplitude on the complex plane. Therefore, the amplitude is described by a
two-dimensional Gaussian distribution. Thus, the intensity has a corresponding exponential distribution. In terms of the
photons number it may be expressed as ⟨δN2

⟩ = ⟨N⟩
2. Considering some small volume ∆V and taking a luminescence

spectral width of ∆λ ∼ 50 nm, we get the number of photon modes of ρλ = 8π∆λ∆V/λ4 and the number of active
ions per photon number of nReλ

4/(8π∆λ) in the same volume. The last number determines heat dissipation fluctuations.
Assuming some relaxation or decoherence time τr , we write correlation function in the each mode of the volume ∆V
as ⟨Q (t)Q (t ′)⟩∆V 2

= (Q1nRe∆V )2(ρλτ2)−2e−|t−t ′|/τr . The corresponding function in the spectral domain has the form
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⟨Q (ω)Q ∗(ω′)⟩∆V 2
= (Q1nRe∆V )2(ρλτ2)2τrδ(ω − ω′). We are interested is total fluctuations per unit volume, so the result

should be multiplied by the number of modes. Emission rates from different points are independent so

⟨Q (ω, r)Q ∗(ω′, r′)⟩ =
(Q1nRe)

2λ4

8π∆λτ 22
τrδ(ω − ω′)δ(r − r′).

If one excludes saturation effects, a partial ions excitation could be estimated by αl/(αl + gl). Foster assumed τr = τ2.
Heavily doped fibres could have a concentration of 1019 cm−1 or even more. This results in a number of excited ions per
photon mode as high as 5 × 107. In this case the fluctuations are dominated by the ⟨N⟩

2 term.
Omitting the details of the heat equation integration [248], the result for the power spectral density of the frequency

noise is the following

Sν(2π f ) = −
ν2q2

8πLhκ2
t κ

2
h

·
(alNReλ

2Q1)
2

8π(αl + gl)2∆λτ2
Im

E1
 ik2ha2

4


exp

 ik2ha2
4


≈

(alQ1NReλ
2)2

128π2∆λ(al + gl)2τ2κtcv f
. (15)

A random heat deposition instead of the fluctuations of heat transfer in Eq. (14) results in a different frequency dependence.
An example of the frequency noise spectrum calculated using the presented theory is shown in Fig. 12, curve 1.

Foster estimated heat deposition per spontaneous photon Q1 as Q1 = KTs1 using an argument of the entropy difference
of excited and ground levels; here s1 is a factor of value∼1. Another point of viewmay be argued since Q1 should depend on
branching ratios of spontaneous transitions from/to sub-levels. That means Q1 should have a temperature-independent
contribution that was likely observed in [294], but not realized. Although temperature affects equilibrium distribution
within sublevels of ground and excited levels, a heating (or cooling for some crystals) happens due to probability of
transitions to higher (lower) states of the ground level in comparison to the equilibrium distribution.

Note that the considered phenomenon of the fluctuations enhancement for the spontaneous emission should not be
confused with cooperative effects, such as, Dicke superradiance [295] that have coherent nature.

In support of this hypothesis, Foster provides arguments that in the erbium-doped DFB fibre lasers, the amplitude of the
frequency noise does not depend on the pump power and even remains the same for 1480 and 980 nm pump wavelength.

It may be questioned if it is correct to assume τr = τ2 or in other words to state that the correlation time is equal to
the spontaneous emission lifetime. There are other time scales that may dramatically shorten this time and, consequently,
suppress the effect. For the medium that acts as an active medium of a laser, the transition time between the ground and
the excited states may be approximated as the relaxation oscillations period (for example, 1 µs). Strong coupling of active
ions to phonons in the amorphous fibre media leads to the thermal equilibrium between sublevels in less than 1 ps. It is
doubtful that some correlations could live longer.

There is a similar 1/f behaviour of the phase noise in fibre interferometers; some related theory is developed in [296].
The effect associated with thermal length fluctuations is too weak to play noticeable role in DFB fibre lasers even though
the elastic beam approximation is more suitable for the DFB fibre laser than for a coiled fibre interferometer.

Although some questions arises to his theory, Foster achieved quantitative agreement to experimental data [248,294].
The stimulated Brillouin scattering is another way to achieve a light amplification in passive fibres, and a Brillouin DFB

fibre laser was demonstrated in 2012 [238]. Due to the negligible detuning from the pump wavelength (10–15 GHz), this
method does not extend the spectral range available for single frequency fibre lasers. The Brillouin DFB fibre lasers may be
advantageous with respect to the frequency noise: Indeed, much less heat dissipation occurs there in comparisonwith rare-
earth DFB fibre lasers. However, the heat transfer fluctuations should be the same. Previously, the pump noise suppression
were demonstrated for ring-cavity Brillouin fibre lasers [297].

In this section, we have presented the Foster’s idea to describe 1/f frequency noise spectrum of the DFB fibre laser
[248,294]. In conclusion of the sections dealing with the noise in the DFB fibre laser, we would like to mention several
works on experimental measurements of the noise in DFB fibre lasers [247,277,294].

3.5. Raman DFB fibre lasers

Since the emergence of both Raman fibre lasers and rare-earth doped DFB fibre lasers, the possibility of developing
a Raman DFB fibre lasers has attracted a great deal of attention. However, the low Raman gain, meant that the task of
implementation such a laser was challenging. Perlin and Winful published a first theoretical analysis in 2001 [298,299].
The proposed continuous 1-m long Bragg grating was obviously difficult to implement. Several years later, the numerical
simulation was conducted for the feasible 20-cm long gratings with localized or distributed phase shift [300]. A small core
fibre (Aeff = 2 µm2) leads to the threshold power of order of magnitude of 1 W or even less. Slope efficiency of more than
50% was predicted. It was noted that Kerr nonlinearity significantly distorts the longitudinal power profiles.

Two groups experimentally demonstrated Raman DFB lasers in 2011. The first laser manufactured in the OFS
laboratory [237] had the threshold of 35 W and generated a power of 150 mW only at pump power 70 W. A smaller core
made it possible to decrease the threshold to approximately 4Wandobtain 350mWat 35Wpumppower. The phase-shifted
FBG had the length of 124 mm, the lasers operated near 1584 nm.

Longer gratings (30 cm) and special care to avoid extra losses in the fibre originated from UV exposure (used to increase
the fibre photosensitivity) allowed to achieve a threshold of 1W for an unpolarized pump [301], and the threshold of 0.5 W
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only for polarized pump [302]. The pump and the lasing wavelength were 1064 and 1110 nm, respectively. The measured
linewidth of 2.5 kHz is close to the limit of the self-heterodyne technique. Four-wave mixing has been also observed within
the cavity of Raman DFB fibre laser [303]. A pump spectrum was transferred to longer wavelengths symmetrically with
respect to the lasing frequency.

The slope efficiency in relation to the incident pumppower is still close to 10%,which probably indicates severe nonlinear
grating distortion since the pump wave is almost unabsorbed in the cavity. The power of the pump beam passed through
the cavity increases as the launched pump power is raised — this means that average gain and therefore also round-trip
gain increases with pump power. The only way to maintain the balance between the gain and the total losses is to increase
mirror transmission, either by nonuniform heating or by grating distortion (andmagnitude of the phase shift as well) due to
Kerr nonlinearity. Otherwise, a noticeably higher slope efficiency may be expected close to the threshold accompanied by
a drop of unabsorbed pump power with the increase of power of the incident pump beam. The simulation results [300] do
not contradict the hypothesis that linear pump-lasing power dependence is a result of Kerr nonlinearity; however, the slope
efficiency 50%–80% is much higher than the values obtained in the above-cited experiments. The effect of gain saturation
inherent to rare-earth doped lasers is inapplicable to Raman gain that does not depend on Stokes component power (confer
the gain terms dI/dz = g0I(P/Pt)(1 + I/Ie)−1 and gRIP for Raman and rare-earth lasers, respectively. Here Ie = ItP/Pt ).

Like other Raman fibre lasers, DFB Raman fibre lasers make it possible to extend wavelength range to regions that lie
outside of the rare-earth ions luminescence spectra. Unlike the conventional Raman fibre laser, DFB cavities provide narrow
linewidth generation that is unavailable in long cavities with a large number of interacting longitudinal modes. We believe
that the field of DFB fibre lasers is yet to be fully explored.

3.6. DFB fibre lasers with sampled FBG

Besides continuous phase shifted fibre Bragg grating cavities, there are variants of DFB fibre lasers with cavities based on
sampled FBGs.

FBGwith many π shifts, separated by the constant period D along the fibre, has two resonances separated in the spectral
domain by ∆λ = λ2/(2neD) [304]. This makes it possible to obtain lasing at two wavelength with controlled difference
(1 mm corresponds to 100 GHz) [305]. This is why Moiré gratings have advantages in microwave generation over cavities
formed in high-birefringence fibre [306]. Unlike a conventional DFB cavity, in longitudinal directions the mode is localized
around the skipped phase shift. A continuous fragment of double length resembles the π-shift in an ordinary grating. Since
lasing wavelengths lay out of the stop band, the resonance may be compared with quasi phase matching. The effective
grating is significantly weaker than continuous FBG at the resonance wavelength.

Another variant of a structured grating which could be more tolerant to positioning errors is several short pieces of FBG
written with some duty cycle [307]. Coupling of a fundamental mode to cladding modes breaks the symmetry in spectral
domain and leads to lasing at longer wavelength. Although the structure of such gratings is more complicated than for
continuous gratings, they still provide coherent feedback.

Finally, randomly embedded multiple or single gratings with random shifts inscribed in Er-doped fibres have also been
studied [213,216]. Because of the grating randomness, performances of such lasers differ substantially from regular or
sampled DFB fibre lasers. The number of emitted modes is observed to be a function of the length of the grating and of the
pumppower. The spectrum is narrowing andmay even approach an effectively single-mode one. The linewidth of 0.5 pmat a
wavelength of around 1534 nm is demonstrated. This kind of laser in some aspects (strong random grating in an amplifying
medium) could be treated as a specific example of random lasers, see Section 2.9, and also has some similarity (random
gratings embedded in the fibre) with random DFB fibre lasers, see Fig. 1.

4. Random DFB fibre lasers

4.1. Operation principles of the random DFB fibre laser

The concept of a random distributed feedback (DFB) fibre laser briefly described in the introduction can be treated as
a convergence of two distinct types of lasers, namely random lasers, see Section 2, and DFB fibre lasers, see Section 3. The
basic scheme of the randomDFB fibre laser is very simple comprising only a pump laser and a piece of a passive fibre directly
connected to the laser diode. Further in this section we focus on the properties of the random DFB fibre laser operating via
Raman gain (other gain mechanisms are discussed in Section 4.12). The randomDFB fibre laser converts the pump radiation
into new spectral range defined by the pump wavelength and the Stokes shift of a particular Raman gain media. At the
same time, the quality of the radiation could be sufficiently improved as compared to one coming from the pump source:
As an example, a radiation of cheap low-quality laser diode pumps being multi-mode both in longitudinal and transverse
directions is converted to the single transverse mode generation (details are discussed in the Section 4.9). In general, the
randomDFB fibre laser generates very stable narrow-band radiation similar in properties to output fromDFB fibre lasers. The
random fibre laser has neither regular cavity formed by either point-action reflectors, as in conventional lasers, nor regular
distributed reflection, as in DFB fibre lasers. In this sense, random fibre laser is similar to other types of random lasers, see
Section 2. However, the random feedback in the random DFB fibre laser is distributed over the fibre length, so the laser is
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Fig. 13. A Raman gain spectrum of a silica-based optical fibre. After Ref. [308].

similar to the DFB fibre lasers, Section 3. The distributed random feedback in optical fibres is originated from the Rayleigh
scattering on a natural disorder of the fibre core’s refractive index. Although a randomness in other random systems usually
means a stochastic behaviour of output beam in temporal, spatial and spectral domains, the radiation of the random DFB
fibre laser is well-confined in spectrum and stable over time, see further discussion in Section 4.3. Amazingly, random DFB
fibre lasers can even outperform conventional fibre lasers of a similar kind in several aspects, as it will be demonstrated
below.

Before going into details of the random DFB fibre laser operation, we make here a brief excursion into the principles of
the Raman gain and Rayleigh scattering in optical fibres. The gain mechanism is based on the stimulated Raman scattering.
A pump light of frequency νp incident on a medium excites a quantum of molecular vibrations of the silica glass during an
inelastic scattering process and loses some small part of its energy. Residual energy is carried out by a so-called Stokes photon
possessing lower frequency νs than the pump photon. The frequency difference between pump and Stokes photons is called
a Stokes shift. The Stokes shift value is determined by a structure of vibration levels of the host media. In the amorphous
medium of silica glass with a variety of different collective vibrations, Stokes phonons of the wide energy range following
the Raman scattering spectral profile could be spontaneously emitted. If there are some spontaneously scattered photons
in the media, the stimulated Raman scattering can take place. The stimulated Raman scattering rate depends on the pump
wave, Pp, and the Stokes wave, Ps, powers and can be described as dPs/dz = gRPpPs, where gR is the frequency-dependent
Raman gain coefficient, Fig. 13. The total amplification acquired by the Stokes wave in the fibre span of length L can be found
as exp(gRPpL), meaning that the total gain is exponentially increases over the fibre length. However, in practice the gain is
limited by the pump wave attenuation, Pp(z) ∼ exp(−αpz). As a result, the total gain is limited by exp(gRPpLeff), where
Leff = 1/αp is the approximate expression for the effective length in the very long fibres; Leff ∼ 20 km in SMF-28 fibre. At
pump power level of 1 W, the total gain could be as high as 105–106.

The Rayleigh scattering used in the random DFB laser as a feedback source is an elastic scattering process. While
propagating in the fibre, the light scatters on the random (in strength and position over the fibre, but unchanging in time)
fluctuations of the density in the fibre core obeying the Rayleigh law. Such density fluctuations are ‘‘frozen’’ during the fibre’s
manufacturing process. The Rayleigh scattering contributes sufficiently to the total linear losses α of optical fibre in the
wavelength range below 1.55 µm. Small part of the light scattered at angles close to π is recaptured by the fibre waveguide
and propagates in direction opposite to the direction of the incident light. The backscattered part of the radiation is equal
to ε = αs · Q ∼ 5 × 10−5 km−1 being extremely small. Here the geometrical factor Q ∼ 0.001 is defined by a numerical
aperture and geometrical dimensions of the fibre [30].

Despite the Rayleigh backscattering is extremely small, the backscattered signal can be detected that is widely used
in optical time domain reflectometry since 1970s [309]. In the 1990s it was shown that the presence of the RS feedback
in a Brillouin fibre lasers improves laser’s performances, namely its output line-width is narrowed by three orders of
magnitudes [310]. In 2000s the effect of double Rayleigh scattering was observed in long-haul fibre-optic transmission
lines [311]. The double Rayleigh scattering manifested itself as irregular spikes of lasing that occurred at high values of
the distributed Raman gain in the system. In 2009 it was pointed out for the first time that the Rayleigh scattering based
random feedback may be sufficient for lasing in ultra-long fibre lasers (≃270 km), [19]. In cavities of such length, the
Rayleigh scattering based random feedback has a lower threshold compared to the lasing threshold of the corresponding
FBG-based linear cavity, see Section 5.2. After that, intensive endeavours directed at the development of self-consistent
Rayleigh scattering based lasing in passive fibres have resulted in the invention of a new class of lasers — random DFB fibre
lasers.

The first scheme of a random DFB fibre laser exploited to prove the concept of the random generation via weak random
Rayleigh backscattering is shown in Fig. 14a, left scheme; see also Fig. 1. The laser was made up of two equal spans of
standard telecommunication fibre SMF-28 with total length of 2L = 83 km. The linear losses αs for the generation wave
are αs ∼ 0.045 km−1. Therefore the total reflection in the very long fibre span due to the Rayleigh scattering amounts to
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Fig. 14. Random distributed feedback fibre laser configurations: (a) forward-pumped laser, (b) backward-pumped laser and (c) single-arm configuration.

a small value of R ∼ Q ∼ 0.1%. The gain mechanism is relied on the stimulated Raman scattering. Two pump waves at
1455 nm were used to achieve a Raman gain near 1550 nm. At the power level of each pump unit Pth ∼ 0.8 W, the net
amplification at the round trip amounts to G ∼ exp(4gRPthLeff) > 106

∼ R−2 which is enough to obtain a generation [31].
Here gR ∼ 0.4 (W km)−1 is the Raman gain coefficient in SMF-28 fibre, Leff = (1 − exp(−αsL))/αs is the effective length.
Note that fibre ends were cleaved at the angle of∼10° to avoid additional feedback caused by Fresnel reflection. In this case,
the light reflected at the glass–air interface of the angle-cleaved fibre leaks out of the waveguide and does not propagate in
the backward direction.

4.2. Laser design

There are 3 different basic configurations of the random DFB fibre laser. The first one is the so-called forward-pumped
configuration, as the generation wave out-coupled from the laser is co-propagating with the pump wave, Fig. 14a, left
diagram. This configuration could be realized in two technical ways. The first one, is a symmetrical scheme based on 2
fibre spans of length L, two pump lasers coupled to the fibre centre, at z = 0, and 2 laser outputs at z = L and z = −L.
This scheme was used in the first demonstration of the random DFB fibre laser, [31]. Thanks to the symmetry in the system,
this scheme is equivalent to a configuration in which only one fibre span of length L and only one pump laser is used with
a mirror of 100% reflection placed at z = 0, Fig. 14a, right diagram. Physically, the latter laser has only one output, at z = L,
but its power performances are identical with a symmetrical configuration because of the full symmetry in the system. This
was experimentally checked in [312]. The advantage of the reduced scheme is two times less fibre length and only one pump
unit needed for the random generation.

The pump wave could be coupled from fibre ends, i.e. at points z = −L and z = L, Fig. 14b, left diagram. This scheme
is called the backward-pumped configuration of the random DFB fibre laser, as the output generation wave is counter-
propagating with the pump wave. In this configuration again, there is an equivalent scheme based on one fibre span, one
pump source coupled at z = L and an additional point-based highly reflecting mirror placed at z = 0, compare left and
right schemes on Fig. 14b. Note that further in our theoretical considerations of forward- and backward-pumped random
DFB fibre lasers, we consider schemes from the right column of Fig. 14a, b.

Finally, the third scheme comprises a fibre span of length Lwith one pump laser coupled at point z = 0. However, there
is no any point-based reflector, so the laser is operated via the random distributed feedback only. We call this scheme as the
single-arm configuration.

4.3. Generation properties

Herewebriefly describe themain generationproperties of a randomDFB fibre laser. The randomDFB fibre laser has a clear
generation threshold in all configurations. As an example, the power performance in the forward-pumped configuration of
Fig. 14a is shown in Fig. 15. The key laser features— a generation threshold and the almost linear growth of the output power
above the threshold are clearly seen. The experimentally measured laser threshold in the forward-pumped laser is close to
a value of 0.8W for one pump. The output power value of 160mW is limited by the available pump power. The randomDFB
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Fig. 15. Typical output power performances of the forward-pumped random DFB fibre laser. After Ref. [31].

a b

Fig. 16. Generation spectra of the random DFB fibre laser measured at different power levels in (a) logarithmic scale and (b) linear scale. The thick black
curve in (a) is a Raman gain spectral profile measured below the laser generation threshold.

fibre laser can easily emit several Watts of output power under appropriate pumping. A detailed theoretical description of
generation thresholds and output power in different configurations is presented in Sections 5.2 and 5.3.

The random DFB fibre laser generates a well-confined optical spectrum with a typical width of 1 nm. When the pump
power is below the generation threshold power, the spectrum is broad and corresponds to the amplified spontaneous
emissions spectrum, Fig. 16a, black curve. However, above the threshold, the generation spectrum becomesmuch narrower
(1 nm) than the spectral profile of the Raman gain (∼10 nm), Fig. 16. The abrupt narrowing of the spectrum above the
threshold is the important criteria for that the real lasing is achieved in contrast to the amplified spontaneous emission. This
narrowing is similar to the classical Schawlow–Townes line narrowing considered for DFB fibre lasers in Section 3.4.1, but
there is a difference defined by dissimilar mechanisms of narrowing. In the conventional laser having cavity mode(s), the
spectral profile of an individual mode providing its reflection at each round-trip leads to narrowing after many round-trips,
whereas in the randomDFB fibre laser with broadband RS reflection only the gain spectral profile defines narrowing at each
round trip. So one can effectively treat this laser as a single-mode one with a continuous spectrum of the width and central
frequency defined by the gain profile. As the Raman gain profile has a double-peak structurewith twomaxima near 1555 nm
and 1565 nm, Fig. 16a, black curve, the lasing could be achieved in two wavelength bands (near 1555 and 1565 nm), either
separately or simultaneously depending on the system configuration and the pump power level. Well above the threshold
the generated spectrum exhibits power broadening: the higher is the pump power, the broader is the generation spectrum,
Fig. 16b. The observed spectral broadening is similar to spectral broadening in conventional Raman fibre lasers [313].

Random DFB fibre lasers have a directional output as the light is confined in the fibre core. The beam profile is nearly
Gaussian, Fig. 17. Moreover, even for the systems based on the multi-mode fibres, the radiation is still nearly single-mode
with a Gaussian profile because of the beam clean-up effect, see Section 4.9 for details.

The random DFB fibre laser operates in the quasi-CW regime. The intensity dynamics measured with a 300 MHz
bandwidth photodetector reveals almost steady output at ms time scale, Fig. 18. However, radiation should comprise
fluctuations on the time scale inversely proportional to the optical spectrum width (1 nm), i.e. the laser output could be
highly irregular on the time scale of several tens of ps. The intensity dynamics of randomDFB fibre lasers in broad frequency
range have not studied in details yet. However, it is known that near the generation threshold the temporal behaviour
could be very different from the steady-state, because of the pronounced stimulated Brillouin scattering [31,312]. Indeed,
near the threshold irregular pulses are generated with pronounced components in radio-frequency signal at 11 and 22 GHz
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Fig. 17. Beam profile of the random DFB fibre laser measured in far field.

Fig. 18. Intensity dynamics of the random DFB fibre laser experimentally measured within a 300 MHz bandwidth.

Fig. 19. Radio-frequency spectra of the randomDFB laser (black) and a laser with conventional cavity of the same length (red). After Ref. [317].©American
Physical Society.

corresponding to the Brillouin shift [31]. The pulsed behaviour of the random DFB fibre laser in this regime is similar to a
self-Q-switched laser with combined RS–SBS feedback [310,314]. Note that the acoustic waves and, therefore, SBS-induced
irregular pulses could be suppressed by external noise, so the generation of the random DFB fibre laser could be stabilized.
Moreover, the SBS–RS instability could be self-suppressed high above the generation threshold. The most probable reason
for that is the cross-phase-mixing (XPM) induced spectral broadening [314].

Themeasured radio frequency (RF) spectrum shows that there is no indication of longitudinal mode beating correspond-
ing to any cavity of fixed length in contrast to the conventional cavity Raman fibre lasers, Fig. 19, where longitudinal modes
are always observed in RF spectra [315]. As a result, the random DFB fibre laser could be treated as mode-less. However,
some auxiliary peaks in rf-spectrum could be observed in some cases on frequencies not equivalent to the inter-mode
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Fig. 20. Performances of the cascaded random DFB fibre laser. (a) Output powers of first (black) and second (blue) Stokes waves. Experimental data is
shown by circles, numerical simulations within balance equation set (26) is shown by lines. (b) and (c)—Optical spectra for first and second Stokes waves,
respectively. After Ref. [321].

frequency of the conventional resonator, c/2Ln. A possible reason could be associated with relative intensity noise transfer
from the pump wave to the generation wave similar to conventional Raman fibre lasers [316].

4.4. Operation in different spectral bands

Most of the demonstrated randomDFB fibre lasers emit in the 1550 nm spectral band as they use Raman gain induced by
1455 nmpump lasers. This is a typical telecomconfiguration for distributed Raman amplifiers operating atwavelengthswith
minimal losses both for the pump and the signal. However, the magnitude of the Rayleigh scattering coefficient scales with
wavelength as λ−4, so the random feedback based on the Rayleigh scattering could be more intense at shorter wavelengths.
At the same time, the optical losses increase nearly proportionally at shorter wavelength. Generally, since the Raman gain is
always related to the pump frequency with a constant shift, the random DFB fibre laser could be designed to operate at any
wavelength under appropriate pumping. As an example, a random DFB fibre laser generating at 1455 nm while pumped at
1365 nm is reported in [318]. In [319], a random DFB fibre laser generating in the 1.2 µm spectral range is reported. The
single-arm laser is pumped at 1115 nm by an Ytterbium-doped fibre laser. The output power of up to 1.5W is obtained in
the 2-km long fibre. Up to date, it is the shortest demonstrated random DFB laser. The range of possible wavelengths was
extended in [320], where the authors applied pumping at 1064 nm to obtain generation at 1115 nm of output power up to
280mWat 4.5Wpumppower. The relatively low generation efficiency is related to a rather long (for thiswavelength) 50 km
fibre span used in the laser, see Section 5.3 for theoretical considerations of the lasing efficiency. Note that in paper [320]
the laser generated at a wavelength below the cut-off wavelength of the used fibre, so the generation could be spatially
multi-mode. However, in the [321] it was verified that in a random DFB fibre laser operating below the cut-off wavelength
of the fibre, the radiation is still single-mode and has a Gaussian diffraction limited beam profile. The same effect is observed
in random DFB fibre lasers based on the highly multi-mode fibres pumped by multi-mode laser diodes, see Section 4.9 for
details.

4.5. Cascaded operation

A cascaded generation is a process in which the Stokes wave acts as a pump wave for higher order Stokes waves shifted
further to the long wavelength region. Cascaded Raman fibre lasers are widely used to generate in the range from 1.1
to 2.2 µm [322]. A traditional way to achieve a cascaded generation in a Raman fibre laser is to form a resonator for
higher Stokes waves using mirrors resonant to higher Stokes wavelengths. In the random DFB fibre laser, the Rayleigh
backscattering provides feedback both for the first and the higher-order Stokeswaves. The cascaded operation in the random
DFB fibre laser was demonstrated in [321], where both the first and the second Stokes wave were generated simultaneously
in the same fibre span. At 7.5 W of the pump power at 1115 nm, about 4 W power for the first Stokes wave at 1175 nm
and 1W for the second Stokes wave at 1240 nmwere generated in the backward direction in the single-arm configuration,
Fig. 20.

A cascaded generation of the second Stokes component at 1555 nm was obtained in a backward-pumped random DFB
fibre laser based on 50 km of SMF-28 fibre with 1366 nm pump and FBG at 1454 nm in [323]. Pump power thresholds
for the first and second order were 0.7 and 2 W, respectively; maximum output powers — 100 mW and 130 mW. Note
that the claimed generation threshold of 0.7 Wmeans that some parasitic point-based reflections were affected the system
performances, as the minimal threshold in the laser with pure random feedback is 0.8W, see Section 5.2 for details. Authors
of [324] added two FBGs for 1454 and 1550 nm and 1 km of DCF fibre, which has a rather high Raman gain coefficient. This
allows to decrease the length of SMF-28 down to 9 km only and to obtain the cascaded generation at 1550 nm at 2.5 W
pump power.

A generation of the third-order Stokes wave at 1670 nmwas achieved in∼100 km long fibre under pumping at 1365 nm
[325]. To form the cavity for all Stokes waves simultaneously, a wavelength-division-multiplexer was used as a broad-band
reflector at one fibre end. A threshold power for the third Stokes wave was as low as ∼2.5 W.
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Fig. 21. Multiwavelength generation in the random DFB fibre laser based on (a, b) the set of 22 FBGs and (c) the all-fibre Lyot filter. (a) Output powers
and (b) optical spectra of a multiwavelength random DFB fibre laser operating via random feedback only (black) and using additional 4% Fresnel reflection
(red). (c) Generation spectrum in all fibre Lyot filter based multiwavelength random DFB fibre laser. After Ref. [326,327].

4.6. Multiwavelength operation

Since the RS-based random feedback is broad-band, it is possible to use it together with multiple spectral filters thus
providing a multi-wavelength operation of the random DFB fibre laser. The first realization of a multi-wavelength random
DFB fibre laser was based on the backward-pumped configuration of the random DFB fibre laser, Fig. 14b, where an array of
22 FBGswith different central wavelengths is used at the end of the∼22 km fibre span [326]. In this instance, a simultaneous
generation at 22 wavelength defined by the wavelengths of the corresponding FBGs was achieved. The generated radiation
covered the span of 1552–1570 nmwith spacing of∼0.8 nm, Fig. 21b. It is interesting, that spectral and power performances
of multiwavelength random DFB fibre lasers overpass those of conventional lasers based on a 4% Fresnel reflection. Namely,
the total generation efficiency of the multiwavelength random DFB fibre laser is found to be higher in the case of a laser
operating via pure random feedback than for a laser operating via conventional feedback, Fig. 21a. Moreover, the power
distribution between different generation lines is flatter in the case of pure random feedback, Fig. 21b. The improved
generation efficiency and flatter power distribution among the different lines are caused by the suppressed competition
between the lines. This fact may be treated as a manifestation of self-organization in the case of random feedback that
depends on spatial power distribution for all waves.

Another approach to obtain a multi-wavelength generation is to use an all-fibre Lyot filter in the central point of the
symmetrical scheme [327]. The all-fibre Lyot filter comprises two 45° tilted fibre Bragg gratings inscribed into a polarization
maintaining fibre along its principle axis and a polarization maintaining fibre as cavity [328,329]. The filter has both
filtering and polarizing functions, and its bandwidth and free spectra range could be adjusted by changing the length of
the polarization maintaining cavity. All-fibre Lyot filters are used in various types of fibre lasers [330,331]. A Lyot filter with
a 0.2 nm bandwidth and 0.4 nm free spectral range (FSR) was incorporated in the randomDFB fibre laser cavity. The random
DFB fibre laser generates multiple wavelengths simultaneously in the whole range of the Raman gain spectral profile,
Fig. 21(c). Near the Raman gain peak, the power distribution of generated lines is flat with only about 0.5 dB of variation over
a 4 nm region comprising 8 lines. The higher the pump power, the flatter is the power distribution between the lines and
the more lines are generated within ∼33 dB intensity variation range. Note that each line has a typical spectrum width of
about 0.07 nm, which is 3 times less than a spectral width of the Lyot filter transmission peak and much less than a spectral
width in the case of FBGs based multiwavelength random DFB fibre laser. It is possible to control the spectral properties of
the generated radiation during the Lyot filter manufacturing process. For instance, spacing between the generated lines can
be controlled by adjusting the length of the polarizationmaintaining fibre in the Lyot filter. Linewidth of the individual lines
can be controlled by employing a cascade of such Lyot filters. It is also possible to control these parameters of generation in
a different way, as the polarization maintaining fibre in the Lyot filter can be replaced by any suitable birefringent device,
allowing room for possibility of wavelength and spacing tuning.

Other schemes could be also implemented to achieve multiwavelength generation in random DFB fibre lasers. In the
papers [332,333], multiwavelength generation was obtained in the forward-pumped configuration, Fig. 14a, using a Sagnac
loop mirror with a high-birefringence photonic crystal fibre, which works as a multiwavelength filter and results in a
modulation of the Sagnac loop mirror reflection spectrum. This element allows to obtain a multiwavelength generation
withmode spacing depending on the photonic crystal fibre length. Up to 16 nm span around 1550 nmwas filled bymultiple
lines with a spacing of 0.09 nm only. The Sagnac multiwavelength filter is also used in the symmetrical scheme [334] and in
the scheme with a Raman gain fibre inserted into the Sagnac fibre loop together with a high-birefringence fibre [335].

4.7. Tunable operation

Broadband nature both of the Raman gain and the Rayleigh backscattering also opens a possibility to tune the generation
wavelength of the random DFB fibre lasers in a wide range. An idea of the tunable generation in the random DFB fibre laser
was implemented in [317]. To make a radiation tunable, a tunable acousto-optic filter of spectral width 1.5 nm and 2 dB
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Fig. 22. Tunable randomDFB fibre laser. (a) Generation spectrawhile tuning the spectral filter. (b) Output power depending on the generationwavelength.
After Ref. [317].©American Physical Society.

insertion losses was placed at the central point, z = 0, of the symmetrical scheme, Fig. 14a. The generation power at z = 0
point in the symmetrical scheme is below 100 mW even at the multi-Watts level of the output laser power (see details
about longitudinal power distributions in Section 5.4), so low-power handling wavelength selective elements could be used
to control the high power radiation of the randomDFB fibre laser. Also the authors reduced the fibre length of each armdown
to L = 20 km to increase the efficiency (theoretical background about efficiency and power optimization can be found in
Section 5.3). As a result, a radiation tunable within the range of 1530–1575 nm is generated, Fig. 22a. Note that the lower
the generation power, the more pronounced is the amplified spontaneous emission near the Raman gain maxima limiting
tunability at low powers. The achieved tuning range is comparable with those in Raman fibre lasers based on conventional
cavities [336–339].

Another impressive result here is that the power variations within the tuning range 1535–1570 nm do not exceed 3%,
Fig. 22b. The obtained flatness of the tuning curve is much better than that in the conventional linear cavity as measured
in [317] or in ring laserswhere the power flatness is around 20%within the similar tuning range [340,341]. Excellent flatness
of power over the generation wavelength is caused by the fact that the total generation efficiency of the random DFB fibre
laser barely depends on the wavelength and the value of the Raman gain (see details in Section 5.3 and also see Eq. (37)).

A similar approach was implemented in [342], where the forward-pumped configuration with a fibre loop mirror was
used, Fig. 14a. For wavelength selection a FBG-based tunable filter of 0.2 nm spectral width was used at some point within
the fibre loop mirror. A small part of the generated radiation propagating in a backward direction was out-coupled by using
a 1% coupler. Tuning over 21 nm within a range of 1550–1571 nm was achieved with power variations of less than 3 dB.
However, because most of the radiation in this scheme is generated in a forward direction (see Section 5.4.2 for the details)
and due to the small coupling ratio of the output coupler, the power efficiency was relatively low in this scheme.

4.8. Narrow-band generation

In the random DFB fibre laser, the radiation spectrum is usually quite broad having a typical spectral width of 1 nm and
more, Fig. 16. It is of practical interest to suppress the linewidth of the randomDFB fibre laser. A narrow-band emission down
to ∼0.05 nm was achieved by inserting narrow-band spectral filters between two spans of 40 km standard single-mode
fibres in the central point z = 0 of the symmetrical scheme in [343]. Two types of filters were used: a FBG (spectral width is
0.05 nm) and fibre-coupled Fabry–Pérot filter (a spectral width of 10 pm for every transmission peak). It is important that
the spectral filters are inserted at the point z = 0 there the generation power is low (around 10 mW at output power level
of 1W) because of the specific non-uniform longitudinal power distribution in the randomDFB fibre laser, see Section 5.4.2.

With a FBG as a spectral filter, spectral width of the generated wave is almost constant at a level of around 0.05 nm
and follows the spectral width of used FBG up to the pump power 1.2 W. However, at a higher pump power, the spectrum
becomes broader than the filter spectral width: up to 0.3 nm being still narrower than in the case of a random DFB fibre
laser without any spectral filters. Similar results are obtained with FPF as a spectral filter. Namely, narrow-band generation
of spectral width below 0.02 nm is generated. Note that using an all-fibre Lyot filter as a spectral element results also in
narrow-band multiwavelength generation, see Section 4.6, with a spectral width being less than a spectral width of the
individual peak of the Lyot filter transmission profile.

In general, the randomDFB fibre laser can be operated in anymix of tunable, multiwavelength and narrow-band regimes.
As an example, a tunable multiwavelength generation of small spectral width of each individual line was demonstrated
in [344]. The authors used a Mach–Zehnder interferometer based on two long-period FBGs as a tunable broadband filter
(tuning is provided by bending the interferometer). At the same time, a Fabry–Pérot filter was used for a fine selection of
12 different wavelengths within theMach–Zehnder interferometer bandwidth. As a result, themultiwavelength generation
with tuning range 1553.9–1565.4 nm and individual line spectral width of 0.034 nm only was achieved.
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a b

Fig. 23. Output beam profile of a multi-mode random DFB fibre laser pumped by a multi-mode pump laser: (a) pump beam (b) generation beam.

The described above narrow-band lasers are not obviously single-frequency. However, the Rayleigh backscattering could
be used to improve performances of single-frequency lasers. The Rayleigh backscattering in the Erbium-doped ring fibre
laser was employed to achieve single longitudinal mode generation in [345]. To preliminary narrow down the generation
spectrum, a 3 GHz tunable filter was used in the cavity. The Rayleigh backscattering signal was harvested and re-injected co-
directionally with generation wave. It was shown that additional seed signal provided by Rayleigh backscattering enhances
the generation of the mode with a maximum gain and suppresses the generation of other modes. As a result, a spectral line
of only 4 kHz width was obtained being additionally tunable in the 0.5 nm range.

The impact of the Rayleigh feedback in a ring cavity Raman fibre laser was investigated in [318]. The laser comprised
123 km of SMF-28 fibre and was pumped ad 1365 nm. The authors proved significance of the Rayleigh scattering by means
of numerical simulations of output power. Presence of Rayleigh feedback has proven not to alter the threshold level, but to
sufficiently change generation power characteristics above the threshold. Besides, it results in a vanishing ofmode structure
in the Stokes wave spectrum, as in ultra-long linear cavity fibre lasers [19].

Note that in general a ring cavity laser operating via only pure random distributed feedback is not possible. Indeed, if the
cavity length is short enough to allow light to make round-trips over the ring cavity, the conventional longitudinal modes
will immediately appear and the laser could not be considered as a random laser. If one elongates the cavity sufficiently to
prevent making round-trips and make random feedback to work, the laser scheme will be equal to the linear random DFB
fibre laser. However, the generation properties could differ in fine details.

In random DFB fibre lasers based on the Brillouin gain instead of the Raman gain, much narrower line-width could be
achieved just because the bandwidth of the Brillouin gain (∼100 MHz) is much less than the bandwidth of the Raman gain
(few THz), see Section 4.12 for details.

4.9. Random DFB fibre lasers directly pumped by a multi-mode laser diode

A random laser based on 4.5 kmofmulti-mode fibre directly pumped by amulti-mode laser diode at 940 nmwas reported
in [346]. Random lasingwas obtained at 980 nmvia the Rayleigh backscattering as a feedbackmechanismand the stimulated
Raman scattering as gain. The threshold pump power was above 40 W, and the generation power was 0.5 W at 45 W
pumping. In addition, this scheme has a prominent feature enabling a radical beam quality improvement. The measured
divergence of the output beam at 980 nm is 4.5 times lower than that of the pump beam, Fig. 23. The main mechanism of
the beam quality improvement is the well-known Raman clean-up effect [347] based on the radial-coordinate dependent
Raman gain in gradient-indexmulti-mode fibres. However, Rayleigh scattering based feedback could also have some impact
on the clean-up due to the radial variation of the refractive-index and its fluctuations as well. It was indirectly confirmed
in experiments with linear-cavity Raman lasers made of the same fibre [348]: The observed divergence of the output beam
was 1.5 times larger than that for the random laser.

The demonstrated approach seems to be attractive for a high-power generation in the short-wavelength spectral domain
(<1µm),where generation of rare-earth doped fibre lasers is challenging. For example, using a commercially available high-
power laser diode around 800 nm one can generate a high-quality beam at 830 nm in conventional multi-mode passive
fibres

4.10. Random DFB fibre lasers for telecom applications

In random DFB fibre lasers long fibre spans are usually used to generate a light, so random fibre lasers are natural can-
didates for distributed Raman amplification in quasi-lossless transmission systems [20,349–352] requiring homogeneous



S.K. Turitsyn et al. / Physics Reports ( ) – 37

Fig. 24. Examples of random DFB fibre laser applications in (a) distributed Raman amplification [354] and (b) remote temperature sensing [365].

distribution of laser power along the fibre that is then utilized as a Raman pump. The random DFB fibre laser operating at
1455 nm was used as a pump in distributed Raman amplifier and performances of the scheme was compared with perfor-
mances of the conventional bi-directional 1st-order and 2nd-order distributed Raman amplifiers its performance [353,354].
Random lasing was initiated in a 100 km fibre span used as the transmission link simultaneously. Different configurations
of random DFB fibre laser were tested. It was found that in some configurations, Fig. 24a, the transmission scheme based
on the random laser exhibits ∼2.3 dB lower effective noise figure as compared to conventional bi-directional 1st-order and
2nd-order distributed Raman amplifiers, but larger average gain and gain fluctuation levels. To address this issue, in the
subsequent paper [355] the authors suggested to incorporate an additional 1st order low-noise pump that proved to re-
tain noise figure while reducing potential nonlinear impairment. They demonstrated the operation of the Brillouin optical
time-domain analysis system in a 154 km transmission link operated via a random DFB fibre laser based amplification. Ear-
lier the Brillouin optical time-domain analysis system improved by an implementation of the random DFB fibre laser was
demonstrated in 142 km ring cavity [356].

Random DFB fibre laser design could also be used for remote pumping of Erbium-doped fibre amplifiers. In [357], the
tunable forward-pumped random DFB fibre laser based on 41 km fibre span was used to simultaneously pump the Erbium-
doped fibre amplifier and support signal transmission via Raman gain. It was shown that net gain in such setup is larger
than in the scheme of the remote Erbium-doped fibre amplifier pumping based on the conventional laser design.

4.11. Random DFB fibre lasers for remote sensing

Distributed fibre sensor systems [358–360] could also benefit if the random DFB fibre lasers are used. For instance, in
paper [361,362] a backward-pumped 100 km long random DFB fibre laser was used to interrogate remotely a FBG-based
temperature sensor. In this case, the generated wavelength serves as a signal sensitive to the FBG temperature and strain.
The authors also suggested a second-order random DFB fibre laser to improve the signal to noise ratio. A forward-pumped
random DFB fibre laser with two FBGs of slightly different central wavelengths providing two-wavelength generation was
used for scanning of the temperature sensor based on a fibre Fabry–Pérot interferometer [363]. A temperature sensor based
on lasing provided by the combination of the Fabry–Pérot cavity and the Rayleigh backscattering was proposed in [364].
The Fabry–Pérot cavity fabricated by the splicing of a single mode fibre with a small piece of suspended-core fibre was used
simultaneously as a laser reflective mirror and a temperature sensing element.

A tunable randomDFB fibre laser in a forward-pumped configurationwas used to interrogate 11 FBG temperature sensors
placed at a distance of 200 km. In [365], a FBG sensor placed as far as 300 km apart was interrogated in a two-wavelength
random DFB fibre laser configuration: the scheme comprises a fibre loop mirror at one fibre end and the FBG-based sensor
at the other end of the 300 km fibre span, Fig. 24b. In this scheme the temperature or strain can be calculated from the
power ratio between 2 different lines generated in the random DFB fibre laser. A more complicated interrogation scheme
based on the two-wavelength randomDFB fibre laser was presented in [366]. The laser has a forward-pumped configuration
with two FBGs at one fibre end. One of the FBGs experienced tension while another was kept undisturbed as a reference,
so that the FBGs were equally sensitive to the ambient temperature. Information about the strain was derived from the
measurements of wavelength difference between idler and signal waves in a four-wave mixing scheme involving two
generated wavelengths. A random DFB fibre laser was also used to improve performances of a distributed temperature
sensor based on the Brillouin scattering. In a 122 km long fibre span, the Brillouin signal at 1550 nmwas amplified owing to
the random generation at 1455 nm, that allowed to improve signal-to-noise ratio in comparison with a conventional first-
order Raman amplification scheme. As a result, spatial and temperature resolutions of ±2 m and ±1 C, respectively, were
achieved.

For sensing applications, the modulated interrogation signals are frequently required. In [367], the first implementation
of the internal modulation of the generated power in random DFB fibre laser was demonstrated. To do this, the reflection of
the fibre-loopmirrorwasmodulatedwith a frequency of up to 12GHz. Unlike conventional internallymodulated fibre lasers,
where the presence of the longitudinal modes determines a repetition rate of the pulses and can, therefore, sufficiently alter
modulated output signal, there were distortion of the modulation frequency or self-mode-locking effects in the random
DFB fibre laser in the entire 12 GHz range. This features random DFB fibre lasers as a source that can be easily modulated
for remote sensing and other applications.
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4.12. Random DFB fibre lasers based on the Brillouin gain

In all the discussed configurations of the random DFB fibre lasers, the gain mechanism is based on the Raman scattering.
However, it is well known that the Brillouin scattering in fibres, i.e. wave scattering on an acoustic wave in a fibre core, has
a much higher gain coefficient [368]. The Brillouin gain coefficient is a thousand times higher, which makes it possible to
provide necessary amplification at very weak random feedback, so the fibre span needed to achieve the random generation
could potentially be made much shorter. In early works it was shown how drastically small Rayleigh backscattering could
change the properties of laser radiation, however random lasing was not achieved [310,369]. In more details, self-Q-
switching in the Yb-doped fibre laser was achieved by replacing the output reflector by just a few metres of passive
fibre [310]. Random Rayleigh scattering based feedback from the fibre was amplified by the process of stimulated Brillouin
scattering that resulted in the modulation of cavity finesses and finally in strong pulsations in the output radiation. The
influence of the Rayleigh scattering on the performance of a Brillouin fibre laser was studied in [310]. A short fibre span
of only 300 m was pumped by a single-frequency laser at 1.06 µm. To compare the laser properties with and without the
influence of Rayleigh scattering, the pump wave was modulated at 100 kHz frequency by means of an electro-acoustic
modulator. In this case the Rayleigh feedback could not grow because of pulsations in the pump wave that were too fast.
It was found that Rayleigh backscattering results in the narrowing of the generation spectrum from 10 MHz to less than
100 kHz. What is interesting, is that statistical properties of the radiation are also changed from exponential statistics with
a maximum at the zero intensity to Gaussian statistics with non-zero mean value [370]. The authors performed numerical
simulations and found good agreement with the experimental data.

In further works, pure random DFB fibre lasers operating via Brillouin gain were demonstrated [371,372]. In a forward-
pumped laser scheme comprising 20 km of fibre and FBG, the Brillouin lasing was achieved via random feedback based on
the Rayleigh backscattering. 1550 nm pumping was realized by a single-mode (spectral width of 100 kHz) tunable laser
of 150 mW output power. The wavelength of the laser was chosen to be detuned from the FBG reflection wavelength by
15 GHz, so the grating could reflect one Brillouin Stokes component only. Similar to [310] a co-existence of two regimes was
found — usual Brillouin process with broad exponential intensity statistics and the regime of the random lasing via Brillouin
gain due to Rayleigh backscattering with Gaussian statistics. Note that difference in statistical properties of radiation are
studied on a time scale of hundreds nanoseconds, that makes these two different regimes principally different from laminar
and turbulent lasing regimes in Raman fibre laser recently experimentally demonstrated in [25] and theoretically discussed
in [373,374]. Indeed, during the transition from the laminar to the turbulent regime in a quasi-CW fibre laser, statistical
properties are changed on sub-ns time scale because of the destruction of the coherent condensate via the generation of
dark and grey solitons. One can find out more about turbulent generation in conventional quasi-CW fibre lasers in the
review [375] as well as in papers [313,376–378]. Note that methods of optical wave turbulence are now widely applied to
different problems in fibre optics, see, for example, [379–383].

Other schemes of Brillouin-gain based random DFB fibre lasers do exist. In paper [384], a resonator of the laser was
formed with three different fibre spans, spliced together. The middle fibre span of high Brillouin gain was used for Brillouin
Stokes wave amplification, while other fibre spans were inserted to additionally increase random feedback produced by the
Rayleigh backscattering. Above the generation threshold, the Stokes wave starts to lase with spectral width of 3.4 kHz that
is 3 order of magnitude smaller than the spectral width of the Brillouin gain profile. Even better results are reported in [385],
where the highly stable pump laser of 3.5 Hz linewidth was used. The generated of the Brillouin Stokes component had a
very narrow spectrum of∼10 Hzwidth. In further work [386], the frequency jitter was suppressed to the level of 40 kHz per
3 h of operation. A propagation model governing the dynamics of distributed feedback Brillouin lasers based on a p-phase
shifted grating in a highly nonlinear silica fibre [238] and chalcogenide was presented in [387].

The Brillouin scattering can be also used to achieve a high-dense multiwavelength generation in a cooperative Raman/
Brillouin fibre laser. Demonstrated in [388] the multiwavelength laser generates a number of Brillouin-Stokes components
near the maximum of Raman gain spectrum. A resonator is formed by a broadband mirror from one side and random RS-
based feedback from another side, that decreases the threshold for the cascaded generation of the Brillouin Stokes waves
and increases the full span of the Brillouin comb up to 57 nm. An impact of the Rayleigh backscattering on the Brillouin
comb generation was studied in [389]; it was confirmed that the generation efficiency and the total generation bandwidth
could be increased via the random feedback. A similar approach of a cooperative Raman/Brillouin laser was used in papers
[390,391],where 210 uniformBrillouin Stokes lineswith 0.08 nmspacing in the bandwidth of 16.8 nm from1550 to 1567nm
were generated. Eleven Brillouin Stokes components in the shorter wavelength region around 1516 nmwere generated un-
der the 1425 nm pump provided directly by laser diodes in [392].

Finally, a very different laser was demonstrated in paper [393], where the authors managed to achieve a generation in
the fibre due to stimulated Rayleigh scattering as an amplification mechanism while using regular spontaneous Rayleigh
scattering as a distributed feedback in the same fibre span. As in conventional fibres the stimulated Rayleigh scattering
threshold is normally higher than that of SBS and hence unobserved. The authors used a specially designed non-uniform
fibrewith a continuous change of a core diameter, that raises the SBS threshold andmakes the stimulated Rayleigh scattering
generation possible.With high enough pump laser power, having 6MHz linewidth at 1549 nm, generation signal at the same
wavelength, observed in the opposite direction relative to the pump, narrows dramatically down to 4 kHz due to cooperative
stimulated and spontaneous Rayleigh scattering operation.
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5. Theory and modelling of random DFB fibre lasers

In this section we introduce mathematical models governing the operation of the random DFB fibre lasers. The first
theoretical approach is based on the analysis of the system of equations describing average power evolution. This model
takes into account all important physical effects, including fibre losses, Raman gain, pump depletion, amplified spontaneous
emission, Rayleigh backscattering and propagation through the fibre. The model works rather well for describing of the
key features of the random DFB fibre lasers and is also widely used for the design and optimization of Raman fibre lasers
and amplifiers, including distributed Raman amplification schemes. We will apply a power average model to demonstrate
the impact of Rayleigh scattering on lasing. We derive the generation threshold of the random DFB fibre laser, and analyse
output power, generation efficiency and longitudinal power distribution of generatedwaves in different schemes. However,
an average power model is not capable of providing information about dynamics of the spectra during propagation in fibre
medium. Changes in the spectrum of radiation during propagation in fibre occur due to the nonlinear Kerr effect and fibre
dispersion. Therefore, for an analysis of the spectral evolution in the random DFB fibre lasers, we apply a model based on
the amplitude evolution equations.

5.1. Average power balance model

The generation of radiation due to the Raman gain and the propagation of the generated waves in the fibre cavity in
terms of the time averaged optical power is given by the system of differential equations, often called the power balance
model [368]. This model works very well for predicting a generation threshold, an output power and a power balance
between the pump and generation waves in conventional Raman fibre lasers [394–398] and Raman amplifiers [349]:
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where µ and ν are optical frequencies, P±
ν represents average (within the infinitesimal bandwidth around ν) powers of the

forward (+) and backward (−) propagating relative to the z-axis direction waves; αν is an attenuation coefficient, gνµ is an
effective Raman gain parameter at frequency ν induced by a pump at frequency µ, h is the Planck’s constant. This system
models the key physical effects affecting optical power generation and propagation, including: fibre losses, nonlinear Raman
effects that can be divided here into subclasses, such as, pump-to-pump, pump-to-signal, and signal-to-signal interactions,
pumpdepletions due to energy transfer frompump to signal, Rayleigh backscattering, amplified spontaneous emission noise
and thermal noise. As it was pointed out in [399] a factor of two in the noise terms is due to a lack of correlation between
signal and noise and polarization scrambling leading to mixing of signal and noise during propagation.

To describe the randomDFB fibre laserwithin the power balancemodel, we take into account the Rayleigh backscattering
at the signal frequency by adding the term proportional to εν (an effective Rayleigh-backscattering coefficient): Although
the Rayleigh backscattering is a random process on a sub-micron scale [310], its effect on the optical power can be taken
into account through an average energy income to the generated wave from the backscattered wave. The same approach
is efficiently used in Raman amplifiers [349]. Note that the introduced full system of equations is very generic and can be
applied in a variety of fibre laser systems including random DFB fibre lasers.

For particular laser configurations, the full set of equations can be substantially simplified. For instance, for a laser
generating narrow signal from the pump waves at a single pump frequency, the master equations read:
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Here Pp, Ps denote the pump and the first Stokes wave powers, respectively; νs,p are frequency of the Stokes and pump
waves, respectively; αs,p are losses at the signal and pump frequencies, gR and ε stand for the Raman gain coefficient and
Rayleigh scattering coefficients, respectively at the Stokes wave frequency. The impact of the Rayleigh backscattering at the
pump wave frequency is not taken into account. The parameter ε is defined here as ε = α · Q , where Q ∼ 0.001 is the
geometrical factor [400], accounting for the part of the scattered radiation, that is further recaptured by the fibrewaveguide.
This valuemay vary depending on the fibre numerical aperture and a fabricationmethod [401]. Despite the smallness of the
parameter ε, the Rayleigh backscattering plays the major role in the operation of the random fibre lasers. The small amount
of the backscattered radiation is amplified by the Raman effect leading to the formation of an effective distributed reflector
providing for a feedback. Also note that in telecommunication even double backscattering is known to be important in
distributed Raman amplification. We add to the equation set the term corresponding to the spontaneous Raman scattering,
hνs∆ν, where ∆ν ∼ 10 nm is a Raman gain spectral profile width. Despite the fact that the term with the spontaneous
Raman scattering is small compared to other terms, it plays an important role of a seed source, otherwise the equations give
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zero solutions in numerical simulations. In all further numerical modelling, we take into account this term, however, we do
omit it in some appropriate analytical considerations. The value of the wavelength-independent Raman gain gR is taken at
the maximum of the Raman gain spectral profile. It is justified by the fact that the typical width of the Raman gain spectral
profile is ∼10 nm, while the typical width of the generation spectrum in the random DFB fibre laser is ∼1 nm, [31].

To solve the equation set (17), one should add boundary conditions which do depend on the specifics of the random DFB
fibre laser scheme. We would like to stress here, that we consider equivalent schemes from the right column in Fig. 14. For
example, in the forward-pumped configuration, there is no reflection at one fibre end, z = L, and the full reflection at the
another fibre end, z = 0:P−

s (L) = 0,
P−

s (0) = P+

s (0),
P+

p (0) = P0.
(18)

Here P0 is the input pump power.
Boundary conditions for backward-pumped configuration differ by the opposite pump direction only: P−

s (L) = 0, P−
s (0)

= P+
s (0), and P−

p (L) = P0. In the single-arm scheme, there is a zero reflection from both fibre ends: P+
s (0) = 0, P−

s (L) = 0,
and P+

p (0) = P0.
Note that in conventional Raman fibre lasers with a cavitymade of point-basedmirrors, boundary conditions are defined

by the reflectivity profile of the laser mirrors. Because spectral profiles of mirrors are obviously frequency-dependent, it
is challenging to take them into account in the frequency-independent power balance model. Indeed, in most cases one
cannot treat the spectral profiles of the cavity mirrors as frequency-independent because of the huge spectral broadening
making the generation spectrum comparable in width to the spectral width of the mirrors [377]. As a result, the power
balance model could fail to quantitatively describe the generation power in conventional Raman fibre lasers. To resolve this
issue, different phenomenological approaches are used to take into account frequency dependence of boundary conditions,
namely the effective transmission of laser mirrors is introduced [396,402,403]. In the random DFB fibre laser, boundary
conditions are wavelength-independent (within the generation bandwidth), so the power balance model should provide
good predictions for power performances of the random DFB fibre laser.

5.2. Generation threshold

Firstly, we use the Eq. (17) to calculate the generation threshold Pth in different configurations Fig. 14 of the random
DFB fibre laser. The dependence of the generation threshold on the laser length for the forward-pumped random DFB fibre
laser is shown by the red line in Fig. 25. The threshold is calculated for the 1550 nm generation in a SMF-28 fibre, see
parameters in Section 4.2. As expected, when the cavity is short the Rayleigh backscattering is negligible, therefore the
generation threshold is high. However, the longer the fibre the more pronounced the random distributed feedback is, thus
the generation threshold rapidly decreases reaching the almost constant value of 0.8 W at the fibre length of ∼40 km.
Further increase of the fibre length over this value should have no impact on the generation performances of the laser, as
the additional fibre length does not provide an amplification, but only attenuates the generated light. Indeed, the pump
wave creates the Raman gain higher than optical losses for the generated wave only in a certain spatial region, namely, for
distances |z| < LRS , where LRS is the amplification length defined by the gain/loss balance condition:

gRP+

p (LRS) = αs. (19)

At the generation threshold, there is no Stokes wave generation, so the pumpwave distribution over the fibre is determined
by the linear losses only, P+(z) = P+(0)e−αpz , that means the following expression for the amplification length is valid at
the threshold:

LRS =
1
αp

ln
gRPth
αs

. (20)

For the Pth = 0.8W, the calculated value of the amplification length is LRS ≈ 40 km. The threshold value of 0.8 W is in good
agreement with experiments, see Section 4.2.

It is obvious that in the limit of very short fibre, the generation threshold of the backward-pumped DFB fibre laser
should coincide with the forward-pumped scheme. This is due to the fact that in the short lasers the pump power is almost
undepleted, therefore, both schemes are identical. Numerical calculations prove this observation, Fig. 25, blue and red curves.
At the same time, when the backward-pumped laser is very long, the generation threshold should be higher than that in
the forward-pumped laser, because the pumpwave does not reach the other fibre end. The system acts as two independent
single-arm lasers with two different pumps (in the case of the symmetric configuration, see Fig. 14b, left scheme). Indeed,
for the backward-pumped laser, the generation threshold coincides with the value calculated for the single-arm laser based
on a long fibre span, Fig. 25, green curve. The minimal generation threshold for a single-arm configuration, 1.6 W, is exactly
two times higher than that for the forward-pumped configuration. Note that in the backward-pumped laser, there is an
optimal laser length L ≈ 30 km, at which the generation threshold takes its minimal value of 1.1 W, nevertheless being
higher than 0.8 W achieved in the forward-pumped laser.
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Fig. 25. Generation threshold for random DFB fibre lasers of different configurations in comparison with that of the conventional Raman fibre laser. The
total laser length and pump power correspond to the schemes presented at right column in Fig. 14. Solid lines — numerical calculation of Eq. (17), dashed
line — numerical calculation from equation set (23), dots — experimental data. All data is for the generation near 1550 nm in a SMF-28 fibre.

Finally,we calculate the threshold for the conventional Raman fibre laserwith a cavity formed by twopoint-based highly-
reflective mirrors. We consider a laser of the total length 2L pumped from both fibre ends. As expected, the generation
threshold in the case of the conventional cavity grows linearly with the cavity length increasing, Fig. 25, black curve, asmore
pump is needed to overcome total losses in the longer cavity. Indeed, if one neglects the effect of the Rayleigh scattering,
the generation threshold is defined by the condition of the total losses being equal to the total gain in the cavity:

exp


−2αsL + gR

 2L

0
Pp(z)dz


= 1.

Here Pp is the total pump power from both pump sources. The generation threshold can be found as Pth = αsαpL/[gR(1 −

exp[−2αpL])], that results in Pth = αsαpL/gR in the limit of the long fibre length. Note that Pth is defined as a power
needed from the one pump source to achieve the generation, so the total pump power is twice higher. The generation
threshold increases linearly with the increase of the system length L. In reality, this simple consideration fails at long lengths
because of the Rayleigh backscattering. Indeed, one can numerically calculate the generation threshold from the full model,
Eq. (17), with boundary conditions specific to the conventional point-based cavity design, and taking into account the
Rayleigh backscattering. It is found thatwhile increasing the cavity length over 100 km, the numerically calculated threshold
value becomes lower than predicted by the simple analytical considerationwithout Rayleigh backscattering, see black curve
in Fig. 25. This means that the feedback mechanism is gradually shifted from pure lumped reflector feedback to the random
distributed feedback. Moreover, at Lmax > 150 km meaning the total laser length is over 300 km, the generation threshold
power becomes independent of the fibre length, thus the laser of such cavity length operates via randomdistributed feedback
only. This means, in particular, that fibre lasers with conventional cavities made of highly reflecting mirrors/gratings have
a principal limitation in length of 2Lmax ≈ 300 km that is in the agreement to the experimentally demonstrated limit of
270 km [19]. For cavities longer than 2Lmax, there is no difference which cavity type to use to generate the light — with
or without point-based mirrors as the light would be generation in all cavity designs via the random distributed feedback.
Thus, none of them should have a longitudinal mode structure.

The influence of small point-based reflections (for example, of 4% Fresnel reflection from a flat-cleaved fibre end) on
the generation threshold of ultra-long Raman fibre lasers operating via combined point-based and random DFB feedback is
discussed in [312].

One can also calculate the threshold analytically from an equality condition for integral gain and losses [31,311]. Let us
consider a fibre as a vast number of low-finesse cavities, each formed by Rayleigh backscattering on the fluctuations of the
refractive index. The intensity of the light making round-trips in each of these cavities increases after each round-trip by a
gain/loss factor

εdz · exp


−2αsz + 2gR

 z

0
Pp(x)dx


.

Here εdz is the reflection coefficient of a virtual mirror placed at the point z. Another mirror with 100% reflectivity is placed
at z = 0, i.e. forward- and backward-pumped configurations are considered. An integral condition of the equality of the
gain and the losses means that the net amplification in the sum of all cavities should balance the total losses:
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a b c

Fig. 26. Output powers in random DFB fibre lasers of different configurations: (a) forward-pumped laser, (b) backward-pumped laser, (c) single-arm laser
(for backward waves). Solid lines — numerical calculation from the power balance model, Eq. (17). Dash lines — analytical predictions: (a) calculation from
Eq. (30) using Eq. (35), (b) and (c) calculation from Eq. (25) with Pth taken from Eq. (21). Different colours correspond to different system lengths. Dots —
experimental data.

In the long-length limit, L ≫ LRS , one can apply saddle-point approximation to (21). As a result, the threshold power Pth
can be found from the following transcendental expression:

Pth =
αs

gR


1 + ln


gRPth
αs


+
αp

2gR
ln

1
ε


αsαp

π


. (22)

Expression (22) gives a threshold value Pth ≈ 0.8 W for the experimental parameters of Section 4.2 being in excellent
agreement both with experimental data and results of numerical calculations within power balance model (17). From
Eq. (22) it follows that the threshold power can be reduced by increasing the strength of the backscattering factor ε =

Q · αs. This could be potentially achieved, for example, by using a fibre with a higher numerical aperture and factor Q,
respectively.

In the single-arm scheme each virtual cavity having length l consist of two random mirrors: a left mirror of strength
εdz placed at z and a right mirror of strength εdl placed at z + l, [319]. So the gain/losses factor per round-trip takes the
form:

(εdz · εdl) exp


−2αsz + 2gR

 z

0
Pp(x)dx


.

Integrating over such ‘‘effective cavities’’ and setting the condition of total gain is equal to the total losses, one gets:

1 = ε2
 L

0
dz
 L−z

0
dl · exp


−2αsl + 2gR

 z+l

z
Pp(x)dx


. (23)

Eq. (23) gives a value twice bigger than that in the forward-pumped configuration, Fig. 25, dots, in the agreement with
numerical calculations and experimental data [312]. In general, Eq. (23) provides a good prediction of the generation power
in all ranges of fibre length, compare dots and green line in Fig. 25.

5.3. Output power and generation efficiency

We can further use the power balance model, Eq. (17), to numerically calculate the output power of the random DFB
fibre laser. In different laser configurations, the output power depends on the pump power differently, Fig. 26. Indeed, in
the forward-pumped configuration, the highest output power and conversion efficiency are reached in a short fibre, despite
the generation threshold in short lasers is relatively higher. In long fibres, the conversion efficiency and output power are
very low, Fig. 26a. This can be understood from the simple consideration in terms of amplification length, LRS . Indeed, if the
fibre length L ≫ LRS , most of the fibre acts as a lossy media for the wave generated at |z| < LRS , so the output power is
exponentially attenuated, see more details in Section 5.4. Note that the slope (differential) efficiency in the short fibre could
be higher than the formal quantum efficiency η = λp/λs. As an example, for a laser based on the 5-km long fibre, almost
3 W of output power is generated at 1 W power above the generation threshold (i.e. the total pump power is 4 W, while
the generation threshold is 3 W), see black curve in Fig. 26a. The output power curve is sufficiently nonlinear consisting of
two different regimes: a high slope efficiency generation just above the generation threshold and the generation at a lower
slope efficiency and higher absolute efficiency at higher pump power.

In the case of a backward-pumped configuration, a simple analytical consideration can be made. We assume that the
power of a forward-propagating generation wave is much higher than the power of the backward-propagating wave,
P−
s ≪ P+

s . Note that this assumption is further validated in numerical simulations of longitudinal power distribution, see
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a b

Fig. 27. (a) Numerically calculated output power for backward- (black) and forward- (red) propagating generation waves in the single-arm random DFB
fibre laser based on 1060-XP fibre and operating at 1.2µm for different cavity lengths. The solid and dotted lines are calculations for different fibre lengths.
(b) Influence of parasitic reflections on the power balance between forward- (black) and backward- (red) propagating generationwaves in 2 km-long laser.
Numerical data is shown by lines: solid lines correspond to the case where parasitic reflections of ∼10−4 are used, dotted lines — calculations without
parasitic reflections. Experimental data is shown by dots. After Ref. [404].

Section 5.4 for details. In this case Eq. (17) is reduced to the following equation set:

dP−
p

dz
= +αpP−

p + gpP−

p P+

s ,

dP+
s

dz
= (gRP−

p − αs)P+

s ,

dP−
s

dz
= −(gRP−

p − αs)P−

s − εP+

s .

(24)

If the fibre is short, one can neglect linear losses, αs ≈ αp ≈ 0, and find an analytical solution for the output power P+
s (L)

versus pump power P−
p (L) = P0:

P+

s (L) =
λp

λs
(P0 − Pth). (25)

Here we used the condition, that the generation power P+
s (L) is zero at the generation threshold Pth.

Eq. (25) gives a remarkable result that the Stokes wave in the short backward-pumped random DFB fibre laser is
generated with the maximal absolute efficiency, η = λp/λs, i.e. every pump photon above the generation threshold is
converted to the Stokes photon. Note that 100% quantum conversion efficiency of the short backward-pumped randomDFB
fibre laser is a consequence of the stimulated Raman scattering process rather than of the specific nature of the feedback
exploited in the laser. Results of numerical simulations using the full model, Eq. (17), i.e. taking into account optical losses,
are close to a simple analytical expression, Eq. (25), not only for short lasers, but for any fibre length, Fig. 26b. Note that the
output power dependence is linear in all ranges of pump power, this could be attractive in real applications.

Eq. (25) predicts rather well the output power, but not the generation threshold Pth. To find Pth, numerical simulation
of the reduced equation set (24) with boundary conditions or numeric integration of gain/loss balance condition (21) is
required.

In the case of a single-arm configuration, the output power can be calculated numerically from the full model, Eq. (17),
that was investigated in details in [404]. Though slope efficiency in this case reaches almost ultimate quantum conversion
value, the generation threshold is higher, and the overall conversion efficiency is lower than in the case of forward- and
backward-pumped configuration, so long fibres are needed to achieve a generation at moderate pump power levels.

Note that in the single-arm configuration there are two non-equal laser outputs at the left and right fibre ends while in
the forward- and backward-pumped schemes there is only one laser output, see Fig. 14. Here we stress one more time that
we consider equivalent schemes of the laser shown in the right column of Fig. 14a, b; in a symmetrical configuration there
are obviously two laser outputs which are identical because of the symmetry in the system, left column on Fig. 14a, b. We
found from numerical simulations of Eq. (17) that in the single-arm scheme the output power of the forward propagating
wave (i.e. propagating from z = 0 to z = L and co-propagating with the pumpwave) is always lower than the output power
of the backward-propagating wave (i.e. propagating from z = L to z = 0 and counter-propagating with the pump wave),
Fig. 27a. The exact balance between forward- and backward-propagating waves powers depends on the fibre length with a
larger difference in powers for longer systems. However well above the generation threshold, one can claim that the single-
arm random DFB fibre laser always generates in the backward direction. The reason for that is connected with a specific
power distribution along the fibre (see Section 5.4 for details): in brief, the backward-propagating generation wave arises in
a small region close to the pump injection point, z = 0, so it is not attenuated by linear losses and is not affected by the gain
depletion. As a result, the generation efficiency of the backward-propagating wave is close to the ultimate value determined
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Fig. 28. (a) Generation efficiency dependence on fibre parameters for a single-arm randomDFB fibre laser based on 40 km of fibre. The red dot corresponds
to the SMF-28 fibre parameters. (b) Generation efficiency for backward (black) and forward (red) propagating generation waves at different fibre lengths.
The dashed line is an exponential approximation, exp(−αsL).

by the energy of the pump and the laser quanta, Fig. 26c, similar to the case of the backward-pumped scheme. However,
despite the same ultimate quantum efficiency, the single-arm configuration could be less attractive for applications, as the
generation threshold in the single-arm configuration is two times higher than that in the backward-pumped laser.

It is important to point out that in real experiments additional parasitic reflections could easily be introduced into the
system because of dirt/dust on fibre ends, fibre connectors etc. It was found that even tiny parasitic point-based reflections
on fibre ends could change the power balance in random DFB fibre laser in a dramatic way, [404]. Namely, even additional
parasitic reflection as small as 10−4 at the fibre ends leads to a sufficient decrease of the generation threshold and, what
is more important, to different balance between backward- and forward-propagating generation waves, Fig. 27b. Note that
the data presented on Fig. 27 corresponds to the laser generating at 1.2 µm spectral band. In a particular case, the power
of forward-propagating wave becomes higher than the power of the backward-propagating wave despite the fact that the
reverse balance should be observed in the ideal single-arm random DFB fibre laser, Fig. 27a. Note that the level of Fresnel
reflection from the cleaved fibre end is 4%, so the values on the level of 10−4 can be achieved by just a small dust particle on
the angled cleaved fibre end. Other consequence of the parasitic reflection is the reduced generation threshold of the second
Stokes wave that limits the maximal achieved power of the first Stokes wave [321].

Finally, the power balance equation set Eq. (17) allows us to perform an optimization of the laser over the range of system
parameters such as fibre length, Raman gain coefficient, linear losses etc. [404]. As an example, we performed the efficiency
optimization for the single-arm configuration over the Raman gain and the linear loss values. Note that a variation of the
Raman gain coefficient can be achieved by using different types of fibres as gain media, while a variation in linear losses
corresponds to the change of the pump and generation wavelengths due to the strong dependence of the losses on the
wavelength. We found that the slope efficiency for the backward-propagating wave is almost insensitive to the alteration
of the system parameters, Fig. 28a. In addition, the generation efficiency is almost constant over the fibre length of the
backward-propagating wave and reaches ∼90% in a short laser that is close to the quantum limit of 94%, Fig. 28b. For the
forward-propagating generation wave, the efficiency decreases with the exponential law, η ∼ exp(−αsL), similarly to the
case of the output efficiency in the forward-pumped configuration.

Summarizing, the best power performance in terms of output power can be achieved for forward-pumped lasers based
on short (less than 5 km) fibres. Moreover, despite the relatively high generation threshold in this case (more than 3 W),
the output power is maximal among all the configurations, reaching almost 4W of output power from 5W of pump power.
However, in terms of slope efficiency at high pump power, the best configuration is the backward-pumped or single-arm
configuration.

5.4. Longitudinal power distribution in random DFB fibre lasers

5.4.1. Longitudinal distributions in forward- and backward-pumped lasers
The output power of the random DFB fibre laser is defined by the specific longitudinal distribution of the generated

power along the fibre. The longitudinal distribution of the generated power could be calculated within the balance equation
set (17) with high accuracy [31,404–406]. The numerically calculated profiles for the power distribution of the generation
waves in the forward-pumped laser are shown on Fig. 29. The calculated profiles are in quantitative agreement with the
experimental data, Fig. 29a. The longitudinal distribution of the generated wave is highly non-uniform having a maximum
at the point z = LRS at which the optical gain is equal to the optical losses. The forward-propagating wave P+

s arises from
the backscattered backward-propagating wave P−

s and is gradually amplified while propagating from the left to the right
within the amplification region z < LRS . For z > LRS , the forward-propagating wave P+

s is exponentially attenuated as the
Raman gain is lower than optical losses in this region. It also produces weak seed signal at z > LRS for the backward wave
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Fig. 29. Longitudinal distributions of the generated power in the forward-pumped random DFB fibre laser: (a) linear and (b) logarithmic scales. (c)
Dependence on the pump power. Solid lines — numerical calculations within the power balance model (17), dashed line — analytical solution (30), circles
and triangles — experimental data. Black colour corresponds to the backward-propagating generationwave, red colour is used for the forward-propagating
generation wave. After Ref. [405].

Fig. 30. Longitudinal distributions of the generated power in the backward-pumped random DFB fibre laser. (a) Dependence on the pump power. (b)
Distribution of forward- and backward-propagating waves in a logarithmic scale. Data is numerically calculated from the power balance model (17). The
black colour corresponds to the backward-propagating generation wave, the red colour — forward-propagating generation wave. Solid and dashed lines
at (b) are data for 1.5 W and 4.5 W of pump power, respectively.

P−
s due to the Rayleigh backscattering. Note that the power of the forward-propagating generation wave is higher than the

power of the backward propagating generation wave, P+
s (z) ≫ P−

s (z), at every point along the fibre except for the small
region z ∼ 0 where P+

s (z) ∼ P−
s (z).

For real applications it is important that the generation power at point z = 0, P+
s (0), is much less than the maximal

generation power at z = LRS or the output power P+
s (L). Indeed, at typical output power level of 1 W, P+

s (0) is 20–30 mW
only, Fig. 29b. This allows one to manage the properties of the high-power generation in the random DFB fibre laser by
using various low-power handling components placed at z = 0. In this way a tunable, multiwavelength and narrow-band
generation is demonstrated, see Sections 4.6–4.8.

The higher the pump power, the narrower the longitudinal distribution of the generated wave intensity, Fig. 29c. At the
same time, due to the pump power depletion via Stokes wave generation, the amplification length decreases, so the point
LRS moves towards z = 0.

In the backward-pumped scheme of the random DFB fibre laser, longitudinal distributions of the generated power are
different from those in the forward-pumped configuration. The forward-propagating generation wave, P+

s (z), increases
sufficiently in the region of the maximal gain which is located near the fibre end, Fig. 30a. The distribution has its maximum
at the laser output, z = L, and becomes narrower while the pump power increases. The linear grows of the output power
with increase of pump power is clearly seen. At the same time, the power of the backward-propagating wave, P−

s (z), is
small in all points over the fibre, Fig. 30b, black curves. In the backward-pumped configuration, the generation power at the
central point of the laser, z = 0, is low being less than 20mW similar to the forward-pumped laser. Despite the small power
at z = 0, the laser delivers up to 1.5 W of the output power, Fig. 30b, solid curves.

5.4.2. Longitudinal distributions of higher-order Stokes waves
It is known that at a higher pump power, the generation of the second Stokes wave could be achieved in the random

DFB fibre laser, see Section 4.5. To model the cascaded generation, we modify the initial model by including the terms
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Fig. 31. Longitudinal distributions in the higher-order forward-pumped random DFB fibre laser: black curve — pumpwave, red curve — first Stokes wave,
blue curve — second Stokes wave. Pump power is 2 W. Grey dotted line — pump power distribution in the absence of the generation. Data is calculated
from Eq. (26). After Ref. [405].

corresponding to the second Stokes wave:
(αp ± d/dz)P±

p = −gRP±

p (P
+

s + P−

s + 4hνs∆ν)
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νs
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s = gR(P+
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p )(P
±

s + 2hνs∆ν)+ εP∓

s − g2sP±

s (P
+

2s + P−

2s + 4hνs∆ν)
νs

ν2s
(α2s ± d/dz)P±

2s = g2s(P+

s + P−

s )(P
±

2s + 2hνs∆ν)+ ε2sP∓

2s.

(26)

Here α2s, g2s and ε2s are linear losses, Raman gain coefficient and backscattering strength, respectively, at the wavelength of
the second Stokes. The equation set (26) must be accompanied with boundary conditions which are the same conditions as
for the first Stokes wave, Eq. (18).

Using the model (26), generation thresholds, output powers and longitudinal distributions could be calculated in the
cascaded randomDFB fibre laser. As an example, we calculate the longitudinal distribution of the second Stokes wave in the
forward-pumped laser. It is found that the second Stokes wave has a quite different longitudinal distribution. The position
of the power maximum is shifted to longer distances, z > LRS , compared to that for the first Stokes wave, Fig. 31. The
second Stokes wave distribution is also more uniform compared to the first Stokes wave distribution at the same average
generated power. Note that the distribution of the first Stokes wave, in turn, could be considered flatter than that of the
pumpwave, Fig. 31. So it is likely that the cascaded randomDFB fibre laser could provide even flatter distribution that could
be important for possible telecom applications such as quasi-lossless transmission, see Section 4.10. As the maximum of
the second Stokes wave power distribution is shifted to longer lengths, the optimal fibre length needed for the efficient
generation of the second Stokes wave is longer than the optimal length for the first Stokes wave.

5.4.3. Longitudinal distributions in the single-arm laser
Finally, we investigate longitudinal distributions of the generated waves in the single-arm configuration of the random

DFB fibre laser. The longitudinal distribution of the forward-propagating (relative to the pump wave) wave is similar to
the longitudinal distribution in the forward-pumped laser featuring by a power maximum at the point LRS , Fig. 32, red.
The effective amplification length becomes shorter with the pump power increase because the pump wave is depleted
due to the power conversion into the Stokes waves. The distribution is flatter as compared to those in the forward-
pumped configuration, however the generation power of the forward-propagating wave is low. At the same time, the
distribution of the backward-propagating wave is similar to those observed for the forward-propagating wave in the
backward-pumped laser, Fig. 32, grey. Indeed, the conditions for the backward-propagating wave are very similar in both
configurations: The backward-propagating wave is sufficiently amplified in the small region only near z ∼ 0, where the
Raman gain is highest as the pumpwave is almost undepleted.With the pump power increase, the longitudinal distribution
of the backward-propagating wave becomes narrower because of the pump power depletion, while the distribution of the
forward-propagating wave, vice versa, becomes flatter and wider. The linear increase of the output power of the backward-
propagating wave with the pump power increase is clearly seen in Fig. 32.

An information about longitudinal distribution profiles can be used to derive fibre parameters. As an example, the
Q-factor can be experimentally measured [406]. To do this, the single-arm laser based on 84 km long fibre was pumped
at point z = L/2 instead of point z = 0. In this scheme, the part of the fibre at z < L/2 is completely unpumped thus acting
only as a distributed mirror because of the Rayleigh backscattering. In this case, one can directly derive from the balance
model (17) that

P+

s (z) = 0.5QP−

s (z)

1 − e−2αsz


(27)
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Fig. 32. Longitudinal distributions in the single-arm configuration of the random DFB fibre laser: grey — backward-propagating wave, red — forward-
propagating wave.

Fig. 33. Measurements of Q-factor value in the single-arm laser with the pumpwave coupled at z = L/2: Experimentally measured (circles and triangles)
and analytically calculated under Eq. (27) (grey curve) longitudinal distributions for the forward- (red circles) and backward- (black triangles) propagating
Stokes waves. After Ref. [406].

for 0 < z < L/2. Using this expression together with the experimentally measured longitudinal distributions P−
s (z) and

P+
s (z), one can derive the Q-factor by fitting the experimental data with the Q-factor value as a fitting parameter, Fig. 33.

The measured value of 10−3 is in good agreement with the specified data for the fibre under study [406].

5.4.4. Amplification length
Another important feature of the power distribution in the random DFB fibre laser is the position of the point at which

the Raman gain is equal to the optical losses, LRS, see Eq. (19). Amplification length value, LRS, affects the output power in the
system as the generation wave is exponentially attenuated at z > LRS, see Section 5.4.1. Therefore, it is of practical interest
to reveal the dependence of LRS on the pump power.

Amplification length dependence can be obtained from experimentally measured longitudinal distributions of the
generation power. We found that in the forward-pumped configuration of the random DFB fibre laser operating well
above the threshold, LRS decreases inversely proportional to the pump power [405], that is in a good agreement with
numerical calculations within the power balance model, Fig. 34a. Note that LRS value can be approximated by the analytic
expression (38), see Section 5.4.5 for details.

In the single-arm configuration, LRS shifts to the to z = 0 with increasing power similar to the behaviour in the forward-
pumped laser. However, because of the different shape of the longitudinal distribution in single-arm laser, LRS decreases
more slowly compared to the forward-pumped scheme, obeying the law 1/


Pp, Fig. 34b.

5.4.5. Analytical consideration of the longitudinal distributions in the forward-pumped laser
After an analysis of the main features of the longitudinal power distributions using the numerical simulations of the

average power balance equations, we develop an analytical approximation in the case of the forward-pumped laser. In the
forward-pumped scheme, the power of the forward-propagating Stokes wave, P+

s (z), is much higher than the power of
the backward propagating wave, P−

s (z), almost for all points along the fibre, P+
s (z) ≫ P−

s (z), Fig. 29a. Therefore, one can
neglect contribution of the backward-propagating wave, P−

s , to the depletion of the pump power, P+
p , as well as neglect its
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Fig. 34. Power scaling of the amplification lengths, LRS , in (a) forward-pumped and (b) single-arm configurations of the random DFB fibre laser.
Experimental values are shown by dots. Black solid and dashed curves are numerical simulations within Eq. (17) and analytical solution (38), respectively,
red dotted curves — power law approximations. After Ref. [405].

contribution into the forward-propagating wave, P+
s , via the Rayleigh backscattering. In 1.5 µm spectral domain, one can

assume that αs ≈ αp = α. Under these assumptions, the equation set (17) can be simplified to the following form:

dP+
p

dz
= −αP+

p − gPP+

p P+

s ,

dP+
s

dz
= (gRP+

p − α)P+

s ,

dP−
s

dz
= −(gRP+

p − α)P−

s − εP+

s ,

(28)

here gp = gRλs/λp. The first and second equations in (28) are now independent of P−
s and can be integrated. As a result, the

longitudinal distribution of the pump wave, P+
p (z), can be found:

P+

p (z) = P+

p (0)e
−αz gRP+

p (0)+ gPP+
s (0)

gPP+
s (0) exp


(gRP+

p (0)+ gPP+
s (0)) 1−e−αz

α


+ gRP+

p (0)
. (29)

The longitudinal distribution of the generated wave, P+
s (z), can be calculated as well:

P+

s (z) = P+

s (0)e
−αz gRP+

p (0)+ gPP+
s (0)

gRP+
p (0) exp


−(gRP+

p (0)+ gPP+
s (0)) 1−e−αz

α


+ gPP+

s (0)
. (30)

Note that P+
s (L) is the output power of the random laser.

To plot the longitudinal distribution of the generated wave, P+
s (z), one needs to find the value of the generated power

at z = 0, P+
s (0). This can be done analytically. Let us consider the second and third equations of set (28). After multiplying

them on P−
s (z) and P+

s (z), respectively, summing up and using boundary conditions, one gets

dP+
s P−

s

dz
= −εP+

s
2 (31)

together with a relation
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2
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0
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s
2
(z)dz. (32)

After substitution of Eq. (32) to Eq. (30), one can find the following relation:

1 = ε

 L
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2

. (33)

We assume that the generation power at z = 0 is much lower than the pump power, gPP+
s (0)/gRP

+
p (0) ≪ 1, that is

confirmed by the numerical simulations, Fig. 29a, that makes possible the following simplification:

1
ε

=

 Leff

0
dξ

1 − αξ

e−gRP
+
p (0)ξ + gPP+

s (0)/gRP+
p (0)

, (34)
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where substitution ξ = (1− e−αz)/α is used. Note that the expression Eq. (34) is valid in the long length limit, αL ≫ 1; the
effective length is defined by Leff = [1 − exp(−αL)]/α ≈ 1/α.

Well above the threshold, the Eq. (34) could be integrated (see details in [312]), that results in the following expression
on the generation power at z = 0:

P+

s (0) =


ε

2α
gR
gP


1 −

Pth
P+
p (0)


P+

p (0). (35)

The model is fully self-consistent, as the generation threshold Pth can be found from Eq. (34) by integrating it in the limit of
zero generation power, P+

s (0) = 0:

gRPthe−gRPth/α =

εα/4. (36)

This analytical expression gives the generation threshold value of 0.76 W being remarkably close to the experimentally
observed value of 0.8 W [31,405].

As a result, the longitudinal distribution of the generated power in the forward-pumped laser can be analytically
calculated using Eq. (30) and Eq. (35). Analytical predictions coincides remarkably with the numerical calculations and the
experimental data, Fig. 29.

There is a one more output of the developed analytical model: The analytical expression for the generation efficiency.
Indeed, the efficiency ηtotal = Pout

s /P+
p (0) could be derived from the analytical solution of the generated power distribution,

Eq. (30) and Eq. (35). In the case gPPs(0) ≪ gRP+
p (0) and well above the generation threshold, Pp(0) ≫ Pth, the following

expression for the generation efficiency η is valid:

ηtotal = λs/λpe−αL

1 − exp


gR(Pth − P+

p (0))
1 − exp(−αL)

α


≈ e−αL. (37)

The calculated value of the generation efficiency is η ≈ 0.15 being close to the experimental one in the 41 km-long
laser, [405]. An important conclusion from the Eq. (37) is the generation efficiency in the forward-pumped laser decreases
exponentially with the system length L high above the generation threshold. That means that the forward-pumped laser is
more efficient if based on a shorter fibre in agreement with the numerical calculations, see Fig. 26a.

Finally, the analytical expression of the pump power longitudinal distribution, Eq. (29), makes possible to calculate
analytically the dependence of the amplification length LRS on the pump power:

LRS =
1

gRP+
p (0)

ln


gRP+

p (0)


2
αε


1 −

Pth
P+
p (0)


. (38)

The amplification lengths LRS depends inversely proportional on the pump power being in a good agreement with the
experimental data and the numerical calculations, Fig. 34a. Note that this result is valid for the forward-pumped laser under
a number of assumptions, so the scaling law may be different in other configurations. As an example, in the single-arm
configuration LRS ∼ P+

p (0)
−0.5, Fig. 34b. It is a challenge to theory to derive an analytical expression for LRS in this case.

5.5. RIN transfer

As Raman scattering is a fast process with typical time of less than a picosecond, any fluctuations of the pump wave
power could be transferred into variations of the Raman gain and finally in fluctuations of the Stokes wave power. This
effect, called the relative intensity noise (RIN) transfer is known to be a drawback in telecommunication distributed Raman
amplifiers, as it results in additional noise arising at signal wavelength. For possible telecom applications of the randomDFB
fibre lasers, RIN transfer is an important question. In the paper [407], a numerical investigation of the RIN transfer function
in a forward-pumped random DFB fibre laser configuration, Fig. 14a, was performed. To do this, the power balance model,
Eq. (17), is expandedwith equations for the spectral density of the noise intensity for the pumpand the Stokeswaves. TheRIN
transfer function was calculated for different pump powers and fibre lengths. It was shown that the noise transfer decreases
while the random laser cavity length increases or the pump power increases. The authors compared RIN transfer properties
of a 100 km randomDFB fibre laserwith those for the 100 km long Raman fibre laserwith the conventional FBG-based cavity.
The averaged level of the RIN transfer function was found to be similar in both lasers. However, in the case of the modeless
random DFB fibre laser, there are no oscillations in the noise transfer function, see [407] for details. The dumping of the
oscillations could play a positive role in applications of the random DFB fibre laser for distributed amplification schemes.

5.6. NLSE-based modelling of random fibre lasers

The average power balance model was applied in a number of very different fibre laser systems and has successfully
proven its ability to depict the most important laser characteristics. However, despite the efficiency of the relatively simple
average power balance equations (17), there is an important fibre laser feature that power average model fails to describe
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— spectral properties and, in particular, a spectral broadening of the generated radiation. The spectral broadening is caused
by the interplay of the nonlinear fibre Kerr effect and the group velocity dispersion. In other terms, one must take into
account the optical phase of the radiation. A consideration of the optical phase is also important for an accurate description
of temporal and statistical properties of the fibre laser generation. The generalized nonlinear Schrödinger equations (NLSEs)
can be used to describe the evolution of both intensities and phases of the generated radiation in the fibre laser. This
model requires more computational time and a nontrivial solution of the evolution and boundary problems, but it provides
information about the phases evolution lacking in the average powermodel. TheNLSE-basedmodelling adequately describes
power, spectral, temporal and statistical properties of quasi-CW fibre lasers with conventional cavities made of point-
based mirrors including Brillouin lasers [408], Ytterbium-doped fibre lasers [409,410] and Raman fibre lasers [411–414].
In the paper [415], an average Rayleigh scattering based feedback was taken into account in the context of the modelling
of temporal, spectral and statistical properties of random DFB fibre lasers. We would like to stress that this model is still
intermediate and phenomenological as it does not account for statistical variations of the Rayleigh scattering along the fibre
span. However, it gives an important approximate (averaged over the spatial distribution of the scattering) information
about the impact of the Rayleigh scattering on the temporal behaviour of the generated radiation. The following simplified
amplitude equation model can be used for this purpose:
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Here A is a complex field envelope, t is a time in a frame of references moving with the pump wave, vgs is a difference
between pump and generated Stokes waves inverse group velocities, ω is the frequency detuning from the centre of the
gain profile, L is the laser total length. Indexes ‘‘+’’ and ‘‘-’’ denote generation waves co- and counter-propagating with the
pump wave. Here we define the longitudinal coordinate for the generation wave z± as z = 0 at a starting point of the
generation wave propagation (either A+

s or A−
s ) and z = L at the final point of the propagation, i.e. ‘‘+’’ wave has a coordinate

z+ while propagating, and ‘‘-’’ wave has a coordinate z−, and both waves propagates in the positive direction of z-axis. At
the same time, the longitudinal coordinate value z+ for the co-propagating Stokes wave A+

s corresponds to the value of the
longitudinal coordinate z− = L−z+ for the counter-propagating Stokeswave A−

s and vice versa. Eq. (39) are z-averaged over
the dispersion walk-off length of the generation and pump waves, thus the phase in cross-modulation term is zero [414].
White noise as an initial condition is used to take into account the spontaneous Raman scattering [416]. Raman gain is
approximated by the parabola, gi(ω) = gi − kω2, where k = 0.0062 ps2 (W km)−1, i = s, p. Eqs. (39) are integrated along
z using an iterative approach with an integration step ∆z, i.e. when integrating equations for A+

s , values As obtained on
previous iteration are used, and vice versa.

The Rayleigh backscattering feedback is taken into account via term∆A±

Rayleigh(ω) defined as:
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Here only the energy income from the Rayleigh backscattering is taken into account in Eq. (39) via term∆A±Rayleigh
s similarly

to the balance equation set, Eq. (17). At the same time, the generation wave depletion due to the Rayleigh backscattering is
considered through the linear losses αs. Rayleigh scattering induced energy income to the pump wave is neglected as it is
not amplified. A randomphase factor exp(iφ0+iωτ0)with a randomphaseφ0 and time τ0 shifts is used. As the Rayleigh term
includes the optical spectrum of the counter-propagating wave, A∓

s (ω), one needs to save optical spectra at each integration
step, which is technically impossible. To deal with that, the optical spectra of the generation waves are saved only at very
limited number of points along z coordinate at each iteration (at N = 50 z-points in the present case). That means zprox(z)
is a staircase function which approximates z with a set of N = 50 steps along z, each of them is a z-coordinate of the closest
point where the spectra of counter-propagating wave is saved at the previous iteration.

Weuse following values of fibre dispersion, nonlinearity and group velocity, namely:β2s = 20 ps2/km,β2p = 35 ps2/km,
γs = 1.09 (km W)−1, γp = 1.31 (km W)−1, 1/vgs = −2.3 ns/km. A good agreement for the power characteristics of the
random laser (i.e. for the generation threshold, the output power dependence on the pump power and the longitudinal
distributions of the generated waves) is achieved between the NLSE-based numerical simulations, Eq. (39), and the power
balance equations, Eq. (17). Even more important both models give results that agree well with the experimental data.

What is more interesting, the generation spectra of the random DFB fibre laser could be calculated, Fig. 35a. As in
experiments, the calculated generation spectrum becomes narrower than the amplified spontaneous emission profile while
the pump power increases over the generation threshold indicating that the real lasing is achieved. Note that at later stages
of evolution, the spectrum becomes broader with the power, Fig. 35b. Similar nonlinear spectral broadening is observed
in experiments too. In conventional fibre lasers, the spectral broadening is an interplay of Kerr nonlinearity and dispersion
[377,410,411,417], similar processes could be important in random DFB fibre lasers.
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Fig. 35. Numerically calculated within the NLSE-basedmodel (39) spectral properties of the randomDFB fibre laser in the forward-pumped configuration.
(a) The generation spectrum depending on the pump power. (b) The generation spectrum rms spectral width depending on the generation power. After
Ref. [415].

Note that the spectral properties of the randomDFB fibre lasers have not been yet studied systematically in experiments.
There are only few attempts. As an example of some spectral studies, both power and spectral properties of the forward-
and backward-pumped random DFB fibre lasers were measured depending on the ratio between the backward- and the
forward-propagating pump wave powers in [418,419]. It was found that the spectral broadening was more pronounced
in the forward-pumped configuration resulting in a 0.9 nm spectral width for 70 mW of the output power. The authors
suggested a difference in the longitudinal power distributions as the origin of deviations in the random lasers behaviour.

Temporal and statistical properties of the random DFB fibre laser radiation could also be calculated within the NLSE-
based model. Non-Gaussian intensity statistics of the radiation of some random DFB fibre laser was found in numerical
calculations in [415]. Note that the non-Gaussian intensity statistics was previously reported in conventional fibre lasers of
cavities based on point-based mirrors [411–413]. The non-Gaussian intensity statistics was connected with an existence
of partial correlations between different longitudinal modes in the generation. Experimentally, intensity dynamics and
statistical properties of the random DFB fibre lasers are under intensive studies world wide.

6. Conclusions and perspectives

The geometric properties of physical objects that affect photons propagation are very important in light science. Light
propagation in a transparent material is affected by a variation of the refractive index n through the corresponding changes
of the speed of light in a medium. The ground breaking insight, following the pioneering Bragg research on wave reflection
in distributed periodic structures, is the design of structure-specific properties of spectral bands affecting particular Bloch
modes in a pre-designedway. Periodic variations of the refractive index are nowadays routinely used in numerous scientific
and industrial applications for manipulating light propagation. For instance, an important property of the periodic photonic
structures is a possibility to alter the dispersion of electromagnetic waves to make a group velocity of light (in specific
spectral regions) substantially smaller than the speed of light in a vacuum. The periodic optical structures are utilized in
a number of functions: distributed feedback lasers, enhancement of nonlinear effects, optical memory, light delay lines,
and other slow light based devices. In addition, purposely designed point defects allow tailoring of light propagation in
periodic structures. For instance, in one-dimensional photonic structure the introduction of a defect state would act as a
bandpass filter. Periodic and quasi-periodic optical structures already have become the integral part of the fabric of the
modern photonic technology.

However, a refractive index can change in a number of various ways and this can be translated into new optical
technologies. The next level of complexity of photonic structures includes dual periodicity and super-lattices that introduce
more opportunities in terms of the dispersion curve control and manipulation. The design of new photonic devices with
non-trivial geometric variations of the refractive index has become a captivating research area with luminous scientific
and applied perspectives. The major step in this direction is to develop engineering design rules for photonic devices
based on disorder that would offer rich new opportunities beyond the properties of periodic structures. It is nowadays
well accepted that disorder (for example, random variations of the refractive index in a medium) can also be exploited to
create useful photonic structures. Random variations of the refractive index can be both of a natural origin (for example,
scattering on internal structure of a material as an sub-micron irregularities of a glass) or pre-designed artificially. A
random laser is an important example of this new type of photonic device that can be created using the random properties
of a transparent medium — disorder-based light source. The potential importance of such devices is linked to a wide
range of applications of conventional lasers includingmaterial processing, manufacturing, communication systems,medical
applications,metrology, imaging, andmanyothers. The advantage of disorder-based light sources could be thepotential low-
cost and simplicity of fabrication, when the disorder is of natural origin and does not need to be pre-fabricated. Imaging
without speckles is another promising application of random lasers where they can outperform traditional lasers. In any
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case, the science of random lasers is a fascinating field of research attracting interest from very different areas — from the
theory of disordered systems to optical communications.

The localization ofwaves propagating in randommedia has been a fascinating research topic overmany years. The idea of
the localization of photons in disordered transparentmaterials has initiated a considerable amount of work. The localization
of waves in random lasers connects fundamental science research and photonic technology in which localized waves can
generate exotic spectral emission and offer new methods of spatial manipulation through this light emission.

The random distributed feedback fibre lasers discussed in this work present an interesting family of random lasers. In
this case disorder is an inherent part of any optical fibre that always has tiny scatterers leading to Rayleigh scattering of
propagating light. The scale of the considered random fibre lasers can be from several metres to several hundred kilometres.
The gainmedium is created in a standard fibremedium via the distributed Raman effect that provides for additional degrees
of spatial gain control. In random fibre lasers the uncontrollable nature of lasing becomes somewhat manageable. The fibre
waveguide naturally provides for an excellent directionality of the generated laser beam. The emission spectrum is defined
by the Raman gain curve. In schemeswithout any external spectral elements random Raman fibre lasers can be tunable over
very broad spectral ranges holding a great promise for a number of applications.

Though the fibre disordered medium that determines much of the laser’s characteristics consists of a random immobile
distribution of scatterers, the properties of Raman pumping can potentially be engineered to achieve some control of
emission through the longitudinal spatial profile of pumping waves. We anticipate that pumping waves can be pre-
programmed through an optimization procedure based on a feedback loop between the pump source and the laser output.
Note that in the standard fibre made of silica the scattering is weak, and the random laser modes are only weakly trapped
by the medium leading to a high lasing threshold. In this case, the pump wave shaping might have a stronger impact on the
random lasing modes.

Random fibre lasers are particularly attractive physical objects because of their inherent one-dimensional nature. It iswell
known that the properties of wave propagation in disordered media depend on the system dimensionality. The theoretical
analysis of one-dimensional random fibre lasers is obviously easier compared to 2D and 3D laser configurations. At the same
time the theory of one-dimensional random lasers is far from being simple. Therefore, we believe that random fibre laser
systems will attract an interest from the theoreticians and mathematicians working in the field of disordered systems.

We hope that this review paper will attract new interest in the exciting research area of random fibre lasers from
various research and engineering communities. The concept of an ultra-long random fibre laser may lead to new promising
opportunities in telecommunications and distributed sensing. A disordered lasing medium of several hundred kilometres
may be also very interesting for potential applications in secure communications, e.g. as a new type of classical key
distribution system that might overcome the practical challenges faced by quantum key distribution systems. We expect
that new applications and technologies will keep emerging from the study of the physics of random fibre lasers. While the
concept can already be considered a breakthrough into new areas of lasers science, we believe it will also have a significant
impact in areas of immediate practical importance in the nearest future.
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