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Optical Regeneration at 40 Gb/s in
Dispersion-Managed Transmission Lines
With In-Line Synchronous Modulators

S. Waiyapot, S. K. Turitsyn, and V. K. Mezentsev

Abstract—Numerical optimization is performed of the 40-Gb/s
dispersion-managed (DM) soliton transmission system with in-
line synchronous intensity modulation. Stability of DM soliton
transmission results from a combined action of dispersion, nonlin-
earity, in-line filtering, and modulation through effective periodic
bandwidth management of carrier pulses. Therefore, analysis of
the multiparametric problem is typically required. A two-stage
time-saving numerical optimization procedure is applied. At
the first step, the regions of the stable carrier propagation are
determined using theoretical models available for DM solitons,
and system parameters are optimized. At the second stage, full
numerical simulations are undertaken in order to verify the tol-
erance of optimal transmission regimes. An approach developed
demonstrates feasibility of error-free transmission over 20 000 km
in a transmission line composed of standard fiber and dispersion
compensation fiber at 40 Gb/s.

Index Terms—Dispersion-managed (DM) solitons, in-line
filtering and modulation, optical regeneration, unlimited trans-
mission over SMF at 40 Gb/s.

I. INTRODUCTION

D ISPERSION-MANAGED (DM) optical data transmis-
sion has become a mainstream in the development of

high-speed communication systems [1]. DM soliton systems
have significant advantages over classical soliton transmission
lines: enhanced energy, resulting in higher signal-to-noise
ratios (SNRs), reduced timing jitter, and strongly reduced
nonlinear mixing between wavelength-division-multiplexed
(WDM) signals [2]–[7]. Single-channel 40-Gb/s transmission
over 10 000 km has also been reported in a DM line composed
of dispersion-shifted fiber (DSF) and dispersion compensation
fiber (DCF) [6]. However, in 40 Gb/s systems with strong
dispersion management as in links based on standard fiber
(SMF), DM return-to-zero (RZ) transmission is limited by
intrachannel nonlinear effects and corresponding intersymbol
interference (ISI) [8], [9].

Although in-line synchronous modulation requires periodic
multiplexing/demultiplexing for WDM transmission, it will en-
able optical regeneration with reduced cost and complexity. It
has been shown experimentally, that in a DM soliton system
with weak dispersion management, in-line intensity modulation
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(IM) can significantly improve the system performance. How-
ever, generalization of the IM technique for systems with strong
dispersion management is not straightforward because of the
large pulse broadening leading to bits overlapping and resulting
into pattern-dependent nonlinear interactions. Moreover, the ex-
cess gain required to compensate for the loss due to modulation
contributes to the additional buildup of noises in the zero time
slots. Therefore, for strong dispersion management, where the
dominant degradation results from the intrachannel nonlinear
effects [8], [9], a simultaneous stabilization is required of the
timing and amplitude jitters of bit-carrier pulses (marks) and
suppression of the growing ghost pulses and the background
noise in zero time slots (spaces).

In the DM line, the efficiency of conventional modulation is
significantly decreased, compared with classical soliton-based
transmission system [15], [16]. In order to recover the efficiency
of the control, it has been proposed to use a periodic enhance-
ment of system nonlinearity by means of extra amplification at
regeneration sites to convert the DM pulse into classical soliton
through the technique called “black box” optical regeneration
(BBOR) [15], [16]. The benefit of DM soliton to fundamental
soliton conversion is that the stabilization of a conventional
soliton is more efficient compared to a DM soliton.

Recently, it has been proposed to enhance nonlinearity in the
BBOR technique by the use of highly nonlinear fiber (HNF)
at the modulator location [17]–[19]. Note that the HNF has al-
ready been extensively used for wavelength conversion [20],
[21]. First numerical results demonstrating 40-Gb/s transmis-
sion over 20 000 km of SMF using modified modulation tech-
nique have been reported in [17]–[19]. However, comprehen-
sive investigation of the stable regimes in multidimensional pa-
rameter space is limited by the computational time required for
a single optimization run. New effective approaches are then
highly desirable for further system optimization. The combined
action of the filters, modulators, and the HNF can provide an
effective management of the carrier pulse bandwidth. The non-
linearly enhanced modulation keeps the benefits of the conven-
tional modulator in reducing the timing jitter and also utilizes
the nonlinearity for efficient filtering. This makes possible the
pulse stabilization while keeping the pulse width narrow enough
so that the excess gain introduced by modulators is not too high.

In this paper, the bandwidth management technique is ad-
vanced further. An important difference compared with previous
work is that the analysis is limited to the case of the period-
ically recovered carrier only, gaining instead a possibility of
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the advanced optimization procedure. Taking advantage of the
simple semitheoretical methods well developed for DM solitons,
the system and input pulse parameters are optimized before
applying full numerical modeling. The linear stability analysis
based on the variational approach [22], [23], [27] has been
successfully used to investigate DM soliton transmission [12],
[13], [24]–[26]. The advantage of the method is a capability to
predict both timing and energy fluctuations of the carrier pulse
and the growth of the background noise in the zero time slots.
At first glance, this method might not look appropriate for the
40-Gb/s systems with strong overlapping of bits, since it is based
on consideration of the single-pulse propagation only. However,
as is justified subsequently, the linear stability analysis is still
a surprisingly useful method, suitable for investigation of
high-bit-rate systems.

In the present work, an optimization of transmission lines is
performed, similar to that considered in [18], [19], applying the
stability analysis at the first stage. This allows us to extend anal-
ysis well beyond the previously considered region of parame-
ters. A two-step time-saving numerical optimization procedure
is applied. At the first stage, the regions of stable carrier propa-
gation are determined, and system parameters are optimized. At
the second stage, the full numerical simulations are applied in
order to verify tolerance of the optimal transmission regimes.

To demonstrate the advantages of the method and to point out
its limitations, a comparison was performed of the transmission
at 10 Gb/s and 40 Gb/s in the case of weak dispersion manage-
ment. Then, the limitations of using a conventional modulator
in a strong DM line at 40 Gb/s are analyzed. The superiority is
confirmed of the modified synchronous modulation over con-
ventional modulation technique for lines with strong dispersion
management. Taking advantage of the time-saving numerical
approach, the regimes of stable transmission are identified and
the optimal system characteristics are determined in the multi-
dimensional parameter space. Finally, the results are verified by
direct numerical modeling.

II. THEORY

The signal transmission down the fiber line can be modeled
by the modified nonlinear Schrödinger equation (NLSE)
(written here in the normalized units)

(1)

where the variables, , , , , and are the
distance, retarded time, power, fiber dispersion, fiber nonlinear
coefficient, and fiber loss normalized by , ,

, , , and ,
respectively. Here , , and are arbitrarily chosen ref-
erences for the time, dispersion, and power, respectively. In
the present analysis, the carrier pulse is assumed to have the
Gaussian profile characterized by six parameters, as follows:

(2)

Here, , , , , , and are the ampli-
tude, width, chirp, frequency, temporal position, and phase of
the pulse, respectively. It should be noted that the pulse shape of

the true periodic solution of (1) is not always given accurately by
the Gaussian approximation. However, this approach gives very
reasonable simple approximation of the DM soliton evolution.
More details on validation of the Gaussian approximation and
more accurate analysis can be found in [23], [27]. The evolu-
tion of the pulse parameters along the fiber line is then approxi-
mated by a set of coupled ordinary differential equations derived
using either a variational approach or the root-mean-square mo-
mentum method [to simplify the notation, we will use, , and

instead of , , and ], as follows:

(3a)

(3b)

(3c)

(3d)

(3e)

where the dispersion parameter has a positive or negative
sign in the fiber segments with anomalous and normal disper-
sion, respectively. Transfer functions of the filter and modu-
lator are approximated in this section by the Gaussian functions

and in the frequency and time domain, re-
spectively. The modulator function approximates one cycle of a
sinusoidal function centered at . The filter transforms the
Gaussian pulse parameters as follows:

(4a)

(4b)

(4c)

(4d)

(4e)

The modulator transfer function gives

(5a)

(5b)

(5c)

(5d)

(5e)
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The subscripts and correspond to the pulse parameters at
the input and the output of modulator and filter, respectively. We
use an iterative shooting method to find fixed-point solutions of
(3)–(5) whose amplitude, width, chirp, frequency, and position
are completely recovered after one periodic section. Next, the
equations are linearized around the periodic solution. The evo-
lution of the perturbations of the pulse parameters in the fiber is
governed by

(6a)

(6b)

(6c)

(6d)

(6e)

Here, the quantities with subscript 0 correspond to the periodic
pulse parameters. We also linearize the transfer function of filter
and modulator in (4) and (5), assuming small perturbations of
the pulse parameters, resulting in the equations given in the Ap-
pendix. Note that the linear fluctuations of amplitude, width,
and chirp are decoupled from the perturbations of the frequency
and temporal positions, as follows:

(7a)

(7b)

In order to perform a stability analysis, the eigenvalues of the
transfer matrix and in (7) are to be determined. Note that

and govern evolution of the linear perturbations. The max-
imum absolute value of the three eigenvalues( )
of the matrix determine the stability properties. A quantity

is called a stability index here-
after. It is considered as a stability indicator showing either the
increment of instability or the decrement of the decay of the
pulse energy perturbations in the stable case. Obviously, linear
perturbations decrease if is negative and increase if is pos-
itive. In a similar manner, we can introduce a stability index of
the pulse timing position given by the eigenvalues of the matrix

. Stability of spaces can be determined by the similar anal-
ysis of the background evolution. Following [24], we neglect
the fiber nonlinearity and find the solution of the lowest order
linear mode in one periodic section. The growth of linear mode
can be defined as , where and corre-
spond to the amplitude of linear mode at beginning and end of
one periodic section, respectively. In this paper, we use
to determine the stability index for space. Thus, in our analysis,
we consider the stability of the energy and timing position of
the bit-carrier pulse (mark) and the stability of the background

Fig. 1. Scheme of the considered systems. (A) With conventional modulator.
(B) With modified modulator enhanced by HNF.

in zero time slot (space). Negative values for any index mean
stability, whereas positive values correspond to instability. The
larger negative indexes can then be interpreted as the larger sta-
bility margin.

III. SYSTEM CONFIGURATION AND PARAMETERS

Two sample configurations of the transmission system con-
sidered in this paper are depicted in Fig. 1. System (A) or system
with conventional modulation composes of transmission fiber,
DCF, filter, intensity modulator and amplifier while system (B)
or system with modified modulation composes of the same com-
ponents as system (A) but has additional HNF fiber at the mod-
ulation site.

The transmission fiber of 50 km length is either DSF
with dispersion 1 ps/km/nm, dispersion slope

0.06 ps/nm/km, loss 0.21 dB/km, and effec-
tive area 55 m , or SMF with 17 ps/km/nm,

0.06 ps/nm/km, 0.21 dB/km, and 80 m .
The DCF used in simulations has 80 ps/nm/km,

0.2 ps/nm/km, 0.5 dB/km, and 26 m .
The length of DCF is adjusted to provide residual dispersion
around zero. As nonlinear fiber, we considered the HNF with

1.8 ps/nm/km, 0.03 ps/nm/km, 0.5 dB/km,
and nonlinear coefficient 10 W . The er-
bium-doped fiber amplifier (EDFA) with a noise figure of 6 dB
is installed after the DCF for both systems. The synchronous
intensity modulator is inserted every fourth map period inside
the segment DCF in scheme A and at the end of the segment
DCF in scheme B. The modulation depth is 0.1. The gain of the
amplifier at fourth map period in system B also compensates
for the loss introduced by the HNF and boosts up the energy
for the conversion of the DM pulse to soliton pulse. The in-line
filter with bandwidth of 3.0 nm (at 10 Gb/s) and 1.5 nm (at
40 Gb/s) are installed after the amplifier for both systems.

IV. RESULTS OFNUMERICAL MODELING AND DISCUSSION

We first apply stability analysis to the DM line with a
weak map strength operating at 10 Gb/s and 40 Gb/s in order
to validate the accuracy of the stability analysis for different
transmission regimes. Here, the DSF is used as a transmission
fiber; the average dispersion is 0.05 ps/nm/km, and the pulse
energy is 0.15 pJ. Fig. 2 presents the stability analysis results.
Stability indexes of (a) energy, (b) timing, and (c) space are
shown versus the modulator location in DCF. Solid and dotted
lines correspond to 10 Gb/s and 40 Gb/s, respectively.
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Fig. 2. Stability index of (a) energy, (b) timing position, and (c) space versus
the modulator location in DCF for system based on DSF/DCF. Solid and dotted
lines correspond to 10 Gb/s and 40 Gb/s, respectively. The pulse energy is
0.15 pJ.

Results presented in Fig. 2 can be understood in the fol-
lowing way. The effect of the modulator is stronger when
the pulsewidth at the modulator location is larger (as it is
for 40 Gb/s), thus leading to stronger stabilization in pulse en-
ergy and timing. The chirp at the modulator can also affect the
stability of pulse timing. Improper chirp at the modulator can
make positive feedback, leading to the rise of the time shift of
the pulse [12], [13]. Note that the stability analysis presented
in Fig. 2 is based on the single-carrier propagation; therefore,
comparison of the results for different bit rates is not straight-
forward here.

It is well known that in 40-Gb/s systems, the nonlinear in-
teraction of the overlapping pulses can substantially degrade
the system performance. We also use a stronger modulator and
filter in 40-Gb/s systems, and this results in better stability com-
pared with the 10-Gb/s case. However, a stronger filter makes
it easy to build up background noise in the zero time slots. Pre-
dictions of the linear stability analysis have been verified in the
direct numerical simulations, as shown in Fig. 3. Fig. 3 depicts

-factor evolution along the line for different locations of the
IM within the DCF. The -factors in this figure and throughout
the paper are obtained by the average of a set of simulations with
a 128 pseudorandom bit sequences (PRBSs) and three different

Fig. 3. Evolution ofQ-factor along the DSF/DCF transmission line at
(a) 10 Gb/s and (b) 40 Gb/s. Different curves correspond to the following
locations of the in-line modulator: A—beginning of DCF; B—0.25 DCF;
C—0.5 DCF; D—0.75 DCF; E—end of DCF. Insets show the eye diagrams
after some transmission distances for different locations of the modulator
within DCF.

noise seeds. The amplified spontaneous-emission noise spec-
trum is white over the considered spectral interval. The prob-
ability density function for the noise is assumed to be Gaussian
distribution.

In the case of the 10-Gb/s transmission [Fig. 3(a)], the
results of the numerical modeling of NLSE, in general, are
in agreement with the results of the linear stability analysis
presented in Fig. 2. Eye diagrams show that the buildup of
noise and timing shift leads to the signal degradation. Note
that even if some points of IM location are formally stable, the
linear stability with small negative indexes cannot guarantee
stable transmission over unlimited distances. Fig. 3(b) shows
the evolution of the -factor with distance in a 40-Gb/s system
obtained by direct numerical modeling. Eye-diagrams indicate
that, in the case of position A, timing jitter causes the main
problems. It is also seen that in the case of position B, the
buildup of the background noise in the zero time slots is
the main limiting factor. Because the linear stability analysis
neglects the effects of pulse interaction, the predictions may
not be correct when the interaction is the main limiting factor.
For instance, in the case of position A, the system is degraded
by frequency shift from the nonlinear interaction, but not by
the growing background in space. Therefore, there are evident
limitations on the application of the stability analysis in the
case of strong ISI. However, for DSF/DCF based lines at
40 Gb/s, as it is shown in Figs. 4 and 5, predictions of the
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Fig. 4. Stability region defined as the area where all three indexes are negative
in the plane (energy and location of the modulator in DCF) for DSF/DCF
transmission system.

Fig. 5. Evolution ofQ-factor for the same system as in Fig. 4. Different curves
correspond to different locations of the in-line modulator and pulse energy as
indicated in the inset.

stability analysis (Fig. 4) are in very good agreement with
the results of the direct modeling (Fig. 5). This is because
the map strength in such systems is not too large, even for
a 40-Gb/s bit rate.

Next, we consider the 40-Gb/s transmission with strong
dispersion management. Note that for strong dispersion man-
agement, it is not always possible to find DM soliton with a
small enough width. The pulse broadening inherent for strong
management, combined with the modulator action, causes the
energy leakage into other slots.

We vary the dispersion of transmission fiber, denoted by DF,
in the range of 0.5–20 ps/nm/km. The other transmission fiber
parameters are based on the DSF model. We consider the trans-
mission system A with average dispersion of 0.05 ps/nm/km
and system B with a span average dispersion of 0 ps/nm/km.
The span average dispersion value for system B is exclusive
of the HNF. In systems using strong dispersion management at
40 Gb/s stable transmission can hardly be achieved in the con-
ventional schemes with filtering and in-line modulation, as it
can be seen from Fig. 6. As a matter of fact, this is an example
when nonlinearity plays a positive role and is required to stabi-
lize transmission.

Increase of the effective nonlinearity can be achieved either
by using the extra EDFA at the IM location or by utilization
of the HNF. Insertion of the HNF helps both to compress the
carrier pulse and to enhance efficiency of the filtering. Fig. 6
clearly shows a substantial improvement of the stability indexes
with introduction of the HNF in a strong dispersion management

Fig. 6. Stability index of (a) energy, (b) timing, and (c) space versus dispersion
of the transmission fiber for the line with (solid line) and without (dotted line)
HNF. The pulse energy is 0.11 pJ for both cases.

system. Direct simulations of the pattern propagation (Fig. 7)
also demonstrate significant suppression of the ghost pulses in
the zero time slots and stabilization of ones by means of the
HNF.

These results indicate that stable transmission at 40 Gb/s in
SMF/DCF systems is feasible with an appropriate use of the
HNF. The stability analysis can help to find optimal transmis-
sion regimes. From here throughout the paper, we focus on the
transmission system B based on the SMF with the modified
modulator enhanced by the HNF. The length of the HNF is typ-
ically around 10 km.

It has already been observed in [18] that the modulator loca-
tion before the HNF is advantageous because, in this case, pulse
tails are suppressed by the modulator before entering the HNF.
This leads to corresponding suppression of the pulse-to-pulse
interaction. Figs. 8 (stability analysis) and 9 (direct single sim-
ulations of the eye diagrams) confirm this result and show that
the main advantage in using IM before HNF is an improvement
of the pulse timing position stability.

It is important that, applying linear stability analysis, we can
easily optimize two and more parameters simultaneously, which
is rather difficult using full numerical modeling. Figs. 10–12
show a summary of the stability analysis in the plane of two
parameters: “DF (transmission fiber dispersion), span average
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Fig. 7. Suppression of the ghost pulses by the HNF. Signal power is shown
after propagation in system without HNF (a) (after 2000 km) and with HNF (b)
(after 20 000 km). The parameters are same as in Fig. 6 with DF= 17 ps/nm/km.
The input signals are [1 100 101 010 011 110].

dispersion” in Fig. 10; “pulse energy, span average dispersion”
in Fig. 11; and “pulse energy, length of HNF” in Fig. 12. Recall
that in the stability region, all three indexes are negative. Note
again that the span average dispersion is excluding of the HNF.
Fig. 10 shows that, with the HNF, stability can be achieved for
high enough dispersion of the transmission fiber if the overall
average dispersion (inclusive of the HNF) is kept in a certain
range. In the simulations presented in Fig. 11 a stable regime has
been achieved by changing the length of the DCF (or changing
span average dispersion) and the soliton energy. We found that
the largest negative value of the energy stability index is at the
zero average dispersion and for the energy of about 0.11 pJ. Per-
formed optimization demonstrates that under certain conditions,
the stabilization effect can surpass the signal degradation.

Fig. 12 shows the stability region in the plane of “pulse en-
ergy, length of HNF.” We also use here for comparison another
set of HNF parameters—HNF2, which is commercially used in
wavelength conversion [21] to verify how results are sensitive to
a particular realization of HNF. HNF2 has 0.2 ps/nm/km,

0.03 ps/nm/km, 0.5 dB/km, and higher nonlinear
coefficient W . It can be seen that the
lower energy is required when the length of HNF is increasing or
equivalent when the fiber is more nonlinear. This again means
that stabilization of the transmission is possible only when a
certain overall nonlinearity is incorporated into the system. The
span average dispersion for a system with the HNF and HNF2
are zero and 0.08 ps/nm/km, respectively. It is important that
the overall average dispersion (inclusive of HNF) should have
an adequately small amount of anomalous dispersion to support
soliton propagation. Thus, we set the span average dispersion of

Fig. 8. Stability index of (a) energy, (b) timing, and (c) space versus pulse
energy in the system with modulator before HNF (solid line) and modulator
after HNF (dotted line). The span average dispersion is zero.

Fig. 9. Eye diagrams of a 128 PRBS in the system with modulator (a) before
and (b) after HNF. The pulse energy is 0.11 pJ.

a system with HNF2 slightly higher than a system with the HNF
because of the smaller local dispersion in HNF2.

The applied approach allows us to identify regions of stability
within reasonably short computational time which is important
for massive optimization involving more than two parameters to
be optimized. Note that, in agreement with [18] and [19] (where
time-consuming direct modeling has been applied), our method
shows that the regeneration can be expected around the point
of zero span average dispersion. As the span average dispersion
deviates from the zero value, a power margin decreases. This
means, in particular, that using direct numerical optimization,
one should choose a relatively small step in signal power to reg-
ister such stable transmission regimes. To validate the results
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Fig. 10. Stability region in the plane “DF, span average dispersion” for
transmission system with HNF. The pulse energy is 0.11 pJ.

Fig. 11. Stability region in the plane “pulse energy, span average dispersion”
for SMF/DCF transmission system with HNF.

Fig. 12. Stability region in the plane “pulse energy, HNF length” for
SMF/DCF transmission system exploiting (a) HNF and (b) commercial HNF2.
The span average dispersion for systems with HNF and HNF2 are zero and
0.08 ps/nm/km, respectively.

of the stability analysis, next we applied direct numerical mod-
eling around the found optimal regions of parameters. Fig. 13
presents -factor evolution for different studied systems: with
SMF/DCF with and without HNF. The pulse energy is 0.11 pJ.
The length of HNF and HNF2 are 10 and 6 km, respectively. The
average dispersion for a system without HNF is 0.05 ps/nm/km.
The span average dispersion for systems with HNF and HNF2
are zero and 0.08 ps/nm/km, respectively. This makes the overall

Fig. 13. Direct numerical modeling of SMF/DCF and SMF/DCF+HNF lines
with in-line modulator.

Fig. 14. Tolerance of the transmission against variations of the input pulse
energy for SMF/DCF system with HNF. Here, the length of HNF is 10 km. (a)
Energy is 0.11 pJ. (b) Span average dispersion is zero.

average dispersion for systems with HNF and HNF2 are about
0.071 and 0.083 ps/nm/km, respectively. It is seen from Fig. 13
that the results of direct modeling are in a good agreement with
the stability analysis.

Stabilization of the -factor clearly indicates regeneration of
the optical signal in accordance with the stability analysis pre-
dictions. Note that there is no big difference in transmission be-
tween using both types of HNF. Fig. 14 shows the results of
direct numerical simulations of the tolerance against variations
of the input pulse energy and the average dispersion for the pre-
viously described regeneration regime. The error-free distance
is the distance in which the-factor is more than 7. This figure
indicates that the input signal with the energy below a certain
threshold is not regenerated because the carrier energy is not
large enough for the conversion into fundamental soliton.

V. CONCLUSION

We have presented an efficient and time-saving optimization
technique capable of predicting optical regeneration regimes
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in 40-Gb/s systems. We applied a two-stage procedure to
determine optimal transmission regime. At the first step, we
described regions of stable carrier propagation, using stability
analysis available for DM solitons. On the second stage, we
applied direct numerical modeling and investigated tolerance
of optimal transmission regimes. We considered systems with
conventional and modified modulation enhanced by HNF.
In the case of strong dispersion management, the modified
modulator demonstrates superior properties compared with
the conventional modulation technique. We also discussed the
limitations of the stability analysis in the systems with strong
nonlinear interaction. However, as it is shown here, linear
analysis is still a surprisingly useful method to investigate such
systems. We would like to point out that the applied simple
numerical approach is especially efficient for multiparametric
optimization. The developed approach allows us to demon-
strate feasibility of error-free transmission over 20 000 km of
SMF/DCF at 40 Gb/s.

APPENDIX

The filter transfer function (4a)–(4e) are linearized in terms
of the small fluctuations in the pulse parameters as

(A1a)

(A1b)

(A1c)

(A1d)

(A1e)

The coefficients appearing in (A1a)–(A1e) are given as

(A2a)

(A2b)

(A2c)

(A2d)

(A2e)

(A2f)

(A2g)

(A2h)

(A2i)

(A2j)

(A2k)

(A2l)

(A2m)

where ( ) are

(A3a)

(A3b)

(A3c)

(A3d)

The modulator transfer function (5a)–(5e) is also linearized in
terms of the small fluctuations in the pulse parameters as

(A4a)

(A4b)

(A4c)

(A4d)

(A4e)

The subscript indicates that the quantity is that of the sta-
tionary solution at the entrance of filter and modulator.
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