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Abstract: We develop a theoretical framework for modeling of continuous 
wave Yb-doped fiber lasers with highly nonlinear cavity dynamics. The 
developed approach has shown good agreement between theoretical 
predictions and experimental results for particular scheme of Yb-doped 
laser with large spectral broadening during single round trip. The model is 
capable to accurately describe main features of the experimentally measured 
laser outputs such as power efficiency slope, power leakage through fibre 
Bragg gratings, spectral broadening and spectral shape of generated 
radiation. 
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1. Introduction 

Modeling of continuous wave (CW) lasers is traditionally considered to be somewhat less 
complicated compared to analysis of pulsed lasers (see e.g [1]. and references therein). 
Stationary operation of CW lasers typically does not require consideration of temporal 
evolution of radiation leading to substantial simplification of modeling. However, many 
modern high-power, the so-called CW lasers, generate radiation output that only on average 
can be treated as a constant power wave, and as a matter of fact, is rather a pulsating irregular 
field. When deviations of such pulsations from an average level are not small and they do not 
have impact on the device performance, temporal dynamics of the radiation can be neglected 
and power average models can be used for description of performance of such laser systems. 
However, statistical oscillations of power might be directly relevant to spectral performance 
of laser [2,3] and might be accompanied by generation of high amplitude waves - the so-
called optical rogue waves [4–7] that can potentially produce critical damage to laser systems. 
Though our approach and analysis will be generic in many aspects, to be specific, we will 
consider in what follows fibre laser systems. Averaged models dealing with an average optical 
power and neglecting the phase of optical field and time dynamics of the radiation are 
commonly used for analysis of CW fiber lasers (it is not easy to overview all literature in this 
field, see e.g [8–23]. and references therein). There are, however, situations when temporal 
behavior of ―CW‖ laser cannot be disregarded. In high-power lasers the radiation propagating 
along the cavity might experience nonlinear effects. In particular, temporally modulated 
radiation propagating along the fibre cavity at high powers can be spectrally broadened due to 
nonlinear Kerr effect. Spectral broadening of the fiber laser emission can degrade system 
efficiency, complicate frequency doubling and is a non-desirable effect in some applications 
[9]. On the other hand, effect of the spectral broadening has many practical applications, e.g. 
it lies in a very background of the operation of supercontinuum laser sources [24,25]. It can 
also be used to generate multi wavelength laser outputs [10]. Study of the nonlinear spectral 
broadening is both an interesting fundamental and practical engineering problem relevant to 
laser performance. An accurate modeling of spectral broadening in the context of high-power 
CW lasers is a challenging numerical problem and in this work we propose and examine a 
simplified numerical approach to this problem. 

The key model, commonly used for analysis of pulsed mode-locked femtosecond or 
picosecond fiber lasers (see for instance [26–40] and numerous references therein) is the 
modified Ginzburg-Landau equation that can be also treated as the nonlinear Shrödinger 
equation (NLSE) with dissipative terms. As it was mentioned above, a temporal evolution of 
the optical radiation might play an important role in performance of high power fiber laser 
also for CW lasers. We would like to point out that we do not consider any heating effects that 
might be important for high power laser performance and focus here only on the optical field 
dynamics. The key challenge in modeling of nonlinear field evolution in Fabry-Perot 
resonator-based CW lasers is to account correctly interaction of forward and backward 
propagating waves. This makes modeling of field evolution a nontrivial problem and requires 
numerical approaches different from methods used for ring lasers with suppressed counter 
propagating waves, or pulsed laser systems where interaction of forward and backward pulses 
can be neglected. Another important issue in the modeling of the amplitude evolution in high-
power CW lasers is that a spectral broadening of powerful laser radiation might lead to large 
changes [41–44] of the field parameters during one round trip, breaking assumption that is 
typically used in the classical mode-locked laser models – that changes are small over single 
round trip (see e.g [26–32].). Note also that one more an important difference between 
modeling of mode-locking pulsed lasers and CW systems is that randomly pulsating 
asymptotic state of CW laser is much more complex object than a stable solitary wave pulse 
generated in mode-locking systems. For instance, in modeling short pulses, the numerical 
window might be chosen to be much smaller than the round trip because most important 
dynamics happen near the pulse. Considering random CW oscillations the numerical window, 
in general, should be broader to obtain representative statistics of the temporal field variations. 
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The NLSE-like models are widely used to describe spectral broadening of continuous-wave 
radiation, for instance, in the context of supercontinuum generation [24,25]. However, such 
models are less used in the context of the laser cavity configurations, because direct modeling 
of coupled forward and backward propagating fields in resonator presents a hybrid boundary-
evolution problem that is more difficult for numerical analysis. 

In this work we study experimentally and theoretically spectral broadening of radiation in 
CW Yb-doped fiber laser operating at 1084nm. One of the key goals of this work is to 
develop simplified approach based on the NLSE-like model to characterize intra-cavity 
evolution of laser radiation. The proposed approach allows us to account for nonlinear intra-
cavity dynamics that occurs due to nonlinear Kerr effect and gain saturation. The way in 
which we model field evolution in fiber laser is somewhat similar to the approach widely used 
for modeling of periodic fiber optic communications lines [45] when NLS-like equation is 
being solved on each consecutive periodic section (on each round-trip in our case). 

The structure of the paper is as follows. First, in section 2 we discuss the laser set-up and 
experimental results and describe the main features of the measured output radiation 
characteristics such as power, leakage through fiber Bragg grating (FBG), spectral broadening 
and shape of the generated spectra. In section 3 we introduce theoretical model and numerical 
procedure. In section 4 we discuss the results of numerical modeling and comparison with the 
experiment. 

2. Setup and reference experimental results 

Experimental setup is shown in Fig. 1 (left). The 35 meter Yb-doped fiber (GTWave) with 
7μm core was pumped with 910 nm laser diode at up to 23W output power. 

 

Fig. 1. (left) Experimental setup, (right) transmission spectrum. 

Laser operates in CW regime with maximal output power of 12W. The high reflectivity 
(HR) FBG at the left end of the cavity has maximum reflectivity at 1084nm and spectral width 
of ~0.5 nm. Transmission spectrum is depicted in Fig. 1 (right). At the other end, the Fabry-
Perot resonator was formed by the 4% back reflection from the fiber edge. A fraction of 
power leaves the cavity through leakage around FBG that can be treated as an effective 
―decrease of the FBGs reflectivities‖ [43,44,20]. The output power measurements for varying 
diode pump power are summarized in Fig. 2 (top). Here the green line shows the unabsorbed 
pumping power and blue line – the generated radiation at the 4% reflection flat end. It is seen 
that although the major fraction of power leaves the cavity through the flat end Fig. 2 (top 
right) (red rectangles), a small fraction of the generated power leaks through FBG reflector 
Fig. 2 (top left) (blue rectangles). The later fraction grows with the increase of pump power. 
Such dependence is physically transparent, since the higher pump power generates higher 
intra-cavity laser radiation power. This in turn leads to more nonlinear dynamics in the cavity 
due to Kerr nonlinearity, in particular, to larger spectral broadening. The resulting leakage of 
power is evidently higher for broader spectrum that bypasses the FBG reflector and leaves the 
resonator acting as an additional cavity loss. 

#143185 - $15.00 USD Received 24 Feb 2011; revised 10 Apr 2011; accepted 11 Apr 2011; published 15 Apr 2011
(C) 2011 OSA 25 April 2011 / Vol. 19, No. 9 / OPTICS EXPRESS   8397



 

Fig. 2. (top) Measured laser output power and (middle and bottom rows) output spectra for 
various pumping power at the flat end and at the FBG cavity edge. 

We also measured spectra of the output radiation from both FBG and the flat fiber ends of 
the cavity. Examples of experimentally measured spectra are shown in Fig. 2 (middle and 
bottom rows). At the FBG output a typical output spectrum (bottom row) has a double peaked 
structure due to spectral broadening and the radiation overflowing of the FBG reflector. The 
skew of the spectrum is due to the Brillouin scattering effect or due to an asymmetric gain 
spectrum of the active fiber. This asymmetry will be discussed in more detail below. 

Another feature of the laser performance that can be derived from Fig. 2 (top left) (green 
rectangles correspond to unabsorbed pump) is that more than 95% of the pump power is 
absorbed inside the cavity, i.e. is transformed into laser radiation. This means that modeling 
should account not only for the gain saturation by laser radiation, but also for corresponding 
inhomogeneous gain distribution inside the cavity and distributed pump depletion. 

Let us summarize the key experimental data that any adequate model should be able to 
reproduce. Apart from the background requirement to reproduce accurately the power 
efficiency conversion diagram shown in Fig. 2 (top right), there are several modeling 
challenges. First challenge is to reproduce quantitatively the amount of power leakage through 
FBG. Second fact that should be incorporated into the model is that almost all pumping power 
is absorbed and at the right end of the cavity (opposite to the pump source) less than 5% of the 
pump is left. Therefore, a spatial distribution of pumping wave should be taken into account. 

3. Theory and algorithm for numerical modeling 

In this section basing on the key experimental observations concerning generated laser 
radiation properties described above we build a simple mathematical model capable to 
describe phase evolution of the optical field. To model building of laser radiation in cavity 
over many round-trips we consider evolution of optical field in a resonator as an effective 
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propagation along a line that reproduces in an identical order all cavity elements periodically 
placed to reflect round trips circulation as shown schematically in Fig. 3. This approach has 
similarity with modelling of cascaded fiber-optic communication links [45]. The difference is 
that here we take iteratively fields propagating in the opposite direction from the previous. 
Note that though modelling procedure resembles models used to study mode-locked lasers 
[26–32], here no assumption of smallness of field changes over one period (round trip) is 
used. Just opposite, as it will be shown below, generated radiation experiences strong 
nonlinear modifications that manifest themselves through large spectral broadening. Thus, this 
model is capable to trace nonlinear intra-cavity evolution of the optical field that plays a major 
role in the performance of considered CW laser. 

 

Fig. 3. Effective equivalent scheme used in modeling. 

Note that applying approach that model in detail nonlinear dynamics of the generated 
radiation during each round trip we, certainly, are not able to get to anywhere close to millions 
of round trips that happen every second in a real laser, but still we can expect that after a 
reasonably large number of roundtrips (typically a thousand or more) main characteristics of 
laser radiation such as energy and spectral shape will approach some asymptotic averaged 
values with statistically distributed deviations. This would mean that we are operating close to 
the regime of stable lasing that then can be compared to the experimentally observed one. 
Signal evolution inside active fiber (we consider here Fabry-Perot configuration) is described 
by the coupled modified NLS equations with gain and loss: 

 

2
2 2

2 22
1 2

{ 2 | | } ( | | )
2 2

A A i A
i A A A g A A A A

z t t
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 

  
        

      
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 (1) 

 
2
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2 22
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{ 2 | | } ( | | )
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z t t

 
 

  
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       
  

 (2) 

Here + and – corresponds, respectively, to forward and backward propagating waves. 
The specific fiber parameters that are used in simulations throughout the paper are as 

follows: group velocity dispersion is 20 ps
2
/km, nonlinearity coefficient gamma is 5W

1
km

1
; 

gray losses: for signal ~20 dB/km, for pumping wave ~50 dB/km, splicing losses for signal 
near the HR (1084 nm) ~10%; also we take into account that only 90% of pumping power is 
coupled into the fibre. Each roundtrip consists of propagation in forward and backward 
direction. Light is emitted from both sides of the cavity. Amplitudes of output fields: 

 )()(1)(  ),()(1)(    ARAARA RRLL
, 

where )()(  RRL   and 
4%( ) 0.04RR R    are the reflectivities (with respect to power) at 

the left and right cavity ends correspondingly and ( )A   is an intra-cavity field. The width of 

the reflectivity spectrum of FBG (Fig. 1) is approximately B  = 0.5 nm and central 

wavelength is 0  = 1083.67nm. Total signal power 2 2| | | |P P P A A       . 

Respectively, in the CW limit the power evolution of the backward and forward fields is: 
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

 PPPg
dz

dP
)(  (3) 

 


 PPPg
dz

dP
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Gain g(P) has to be found from the material equations – typically, by solving 4-level active 
medium equations [8,11] (or an effective 2-level model) together with the field propagation 
equation. We assume that the gain is saturated with generated power and this saturation will 
be quantified in the next section. 

3.1 An effective gain medium model: two-level system model 

A model for an effective two-level system (provided that only the fibre core is doped) reads: 
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Here index p stands for pump wave and s for the generated wave (signal); )(

12

p and )(

21

p are 

the effective pump absorption and emission cross sections, )(

12

s and )(

21

s are the corresponding 

values for the signal wavelength, rdrnN
S


 )(  and 2 2 ( )

S

N n r dr   - are, respectively, the 

total numbers of all ( N ) and excited Yb-ions (
2N ) integrated over the fiber mode cross-

section, ( ( )n r , ),(2 rzn


are corresponding Yb-ion concentrations accounted as )()( rNrn


  

and 
2 2( ) ( )n r N r , respectively); ( )P r  and )(rS


  are normalized pump and signal power 

distributions through fiber cross-section, so that 1)(,  rdr
S

SP


 . The specific fiber parameters 

that are used in simulations throughout the paper are: 850YbT s  is the Yb-ion life time, 

227)(

12 10635 mp  , 227)(

12 105.1 ms  , ( ) 27 2

21 20 10p m   , 227)(

21 10220 ms   are the 

effective absorption and emission cross sections; 115103.2  mN  is the total numbers of 

Yb-ions integrated over the fiber core area, 10 2(0) 1.8 10S m   , 27100.8)0(  mP are 

values of normalized pump and signal power distributions in the core center, 
11 115.0,062.0   mm ps  are unsaturated absorption coefficients. 

The round trip time corresponding to the experimental setup in Fig. 1 is around 340 ns and 

is much smaller than 850YbT s . We assume that during one round trip optical field cannot 

change
2N  significantly (see also discussion at the end of this section). We consider impact of 

the interaction of the optical fields with active medium at time scales much larger than
YbT , 

therefore, in what follows we assume only stationary/quasi-stationary operation condition 

2 / 0dN dt  that leads to: 
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In this case, evolution of pump and signal powers can be described by the following set of 
equations: 
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This set of equations should be supplemented with the following boundary conditions: 

0(0)p pP P , )()( LPRLP sRs

  , )0()0(   ss PP . It is convenient to express boundary 

conditions through the experimentally measured output powers: 
( )( ) / (1 )s

s out RP L P R  , )1/()( )(

R

p

outp RPLP  . Note, that the evolution Eqs. (6)–(7) have 

several conserved quantities that can help to control accuracy of numerical modelling: 
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Combining Eq. (8) with the boundary conditions (here
RR R ) yields: 
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Equations (6), (7) can be re-written in a more compact way by introduction of the following 

notations: .),()()(),()(),()( )()(
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The corresponding boundary conditions to Eqs. (10), (11) are: 
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satp   

Resolving Eqs. (10), (11) for different ,  it is possible to compare
)( s

satP , 
)( p

satP , 
s and 

p  with the experimental data which gives a possibility of independent cross check of the 

parameters of the effective 2 level model. Selection of specific   gives a relation between 

saturation powers of signal and pump. Parameter   should be estimated from the known data 

for Yb. Power is averaged over numerical time window T that is in our simulation is much 
smaller when the roundtrip time. Indeed with the roundtrip time corresponding to the 
experimental setup in Fig. 1 equal to 340ns (TR = 2nL/c, where L = 35m is fibre length, n = 
1.45 – refractive index, c – speed of light) such a large time window would imply very time 
consuming computations. We expect that averaging over the selected numerical window 
correctly reflects average properties of the power and we verify our approach by direct 
comparison with the experimental results. The use of steady-state two-level approach is a 
reasonable approximation for explanation of our experimental results. Indeed, the broadening 
the laser spectrum observed in our experiment is recorded with the spectral resolution not 
higher than tens of picometers. This means that power fluctuations constituting CW 

generation and contributing our observations possess rather short correlation times (
s T  ), 

typically much smaller than ~s 1 ns. Such short fluctuations (positive or negative) with an 

amplitude 
sP  contain obviously not enough energy ( ( ) ~ 50s

s s satP P T J   ) to affect in any 

extent the steady-state population inversion level (see (5)) established due averaging out over 
many such fluctuations. However, it is important to note, that the proposed model might not 
be sufficient to describe the laser operation in some specific regimes (such as Q-switch, Q-
switch – mode-lock, or optical rouge wave generation), when a single laser pulse accumulates 
a significant part of the laser energy. These regimes are beyond the scope of our 
consideration. 

3.2 Iterative propagation model 

Next we describe in more detail the iterative approach used for modeling of larger spectral 
broadening during one round trip and building of steady state over many round trips. The 
main mechanism through which forward and backward propagating waves effectively interact 
is the gain saturation. Nonlinear interactions are suppressed due to the group velocity 
mismatch. 
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where n is the roundtrip number, z varies from 0 to L and these equations are coupled through 
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Derived model accounts not only for gain saturation by laser radiation, but also for pump 
depletion. Pump distribution over the fiber length Pp(z) is found by solving Eq. (6) together 
with the amplitude Eqs. (12)–(13). Note that, strictly speaking, system (12)–(13) is not a 
system of equations in mathematical sense, i.e. we don’t solve these equations simultaneously. 
We solve the equations for forward and backward propagating waves one by one it the 

following order: … ),()1( tzA n

b

 , ),()( tzA n

f
, ( ) ( , )n

bA z t , ),()1( tzA n

f

 …, i.e. forward propagating 

wave on the n-th roundtrip interacts with backward propagating wave on the (n-1)-th 
roundtrip which is already computed. The boundary conditions read: 
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n

f    (15) 

Thereby, the Eqs. (12)–(13) with expression for gain (14) and boundary conditions (15) 
present the consistent closed iterative model, which is capable to accurately describe leakage 
through fibre Bragg gratings, spectral broadening and spectral shape of generated radiation. 

4. Results and discussions 

In this section we analyze results obtained by using the introduced model and compare where 
possible them to the experimental data. Typical distribution of the intra-cavity power of laser 
radiation (over the distance of one roundtrip 2L = 70m) is shown in Fig. 4. 

A
v
a

ra
g

e
p

o
w

e
r

(W
)

0

5

10

15

20

HR R = 4%

1084 nm

Distance (m)

A
v
e

ra
g

e
p

o
w

e
r

(W
)

5 10 15 20 25 30 35
0

5

10

15

20

910 nm

 

Fig. 4. Power distribution inside laser cavity for maximal pump power (22.6 W at z = 0). 

Figure 5 depicts comparison of numerical modeling with the experimental results for the 
output power versus pump power. 
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Fig. 5. Computed and measures output power as a function of pump at z = 0. Upper curve 
shows the output through the flat end, bottom curve correspond to the leakage through FBG. 

The calculated output spectra are shown in Fig. 6. Similar to Fig. 2, the upper row here 
stands for the flat end and the bottom row for the FBG edge of the cavity. At right side of the 
cavity FBG cuts the central part of the radiation spectrum which then experiences nonlinear 
phase shift due to Kerr effect and leaves the cavity through the flat end. The spectra for high 
powers radiation leaving the resonator through the flat end (upper row) demonstrate features 
typical to the optical wave propagation in nonlinear fiber. We can conclude, therefore, that 
apart from the asymmetry spectra in simulations demonstrate the same behaviour as in the 
experiment, i.e. our model accurately describes nonlinear spectral broadening inside the laser 
cavity and power leakage through the FBG. 

 

Fig. 6. Output spectra as a function of pumping power. 

Pronounced asymmetry of the spectrum broadening observed in the experiment (Fig. 2) 
could be attributed to a specific dispersion of the FBG mirror [23]. However, the asymmetry 
can also result from the effect of stimulated Brillouin scattering (SBS) in the fiber laser cavity. 
Although a detailed quantitative description of this mechanism in the considered system (that 
is different from the previously developed for pulsed fiber lasers [46–49]) is beyond the scope 
of this paper and the SBS process is not accounted by our present model, we believe that the 
qualitative picture of the non-uniform line broadening can be explained by the following 
simplified consideration, which is supported by our experimental observations. A balance 
between the double-pass gain and the losses in the fiber laser cavity provides lasing of the 
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longitude cavity modes within the FBG reflectivity band. Four-wave-mixing between these 
modes through the fiber Kerr nonlinearity is responsible for symmetrical laser line broadening 
[50,2,3,17] as it is seen in Fig. 6. However, apart from the Kerr nonlinearity, the cavity modes 
could undergo a collective parametric interaction through the SBS process, i.e. a resonance 
coupling between the optical modes and hyper-sound standing waves induced in the fiber 
media. Due to the SBS resonance this coupling is pronounced for laser modes spectrally 

separated from each other exactly (with the accuracy of few MHz) by the SBS shift
SBS , i.e. 

the frequency of the resonantly induced hyper-sound wave. Under the conditions of full 
resonance all such modes pairs produce the same interference pattern, i.e. all of them 
contribute the same pattern of electrostrictive force wave generating the phase-matched hyper-
sound wave. During this resonance interaction the cavity modes that are Stokes shifted 
relatively the lasing modes (within the FBG reflectivity spectrum) acquire an additional 
Brillouin gain at the expense of the anti-Stokes shifted modes. This causes a slight 
redistribution of the laser gain profile in favor of modes with the longer wavelengths 
providing them preferable conditions for lasing. As a result, the laser modes leaked from the 
right side of the FBG spectra (see Fig. 2) exhibits slightly higher powers than the modes 
leaked from the left side. 

There are two obvious observations in our experiment that support this explanation. First, 
the laser power accumulated inside the fiber cavity significantly exceeds the Brillouin 
threshold power associated with the given cavity length and fiber parameters. We can roughly 
estimate the SBS threshold in our cavity to be as low as 100mW, so the presence of 12W 
radiation inside the cavity ensures an efficient interaction of the laser modes through the SBS 
process. Second, an asymmetric enhancement of the modes leaked from the right side of the 
FBG reflectivity spectrum (Fig. 2) is observed with a shift of ~0.08 nm from the FBG 

reflectivity band that is in a good agreement with the SBS frequency shift 16SBS GHz   

estimated for laser operating at ~1.08µm [47]. Besides, our qualitative picture agrees with a 
theoretical and numerical model that we recently developed and will be described elsewhere. 
The numerical simulations have been performed on a computational cluster of the 
Novosibirsk University Scientific Computing Centre. Each cluster node is a dual processor 
server equipped with Intel Xeon 5355 processors. Typical computational time for a single run 
was about an hour. 

5. Conclusions 

We have developed a theoretical model for the description of the performance of CW fiber 
lasers with large nonlinear single path dynamics manifesting itself through spectral 
broadening of radiation. The proposed model shows good agreement with the experimental 
results. We believe that the proposed approach based on combination of the nonlinear 
Shrödinger equations and simplified material equations for the gain medium can be used for 
characterization of the strongly nonlinear evolution of intra-cavity laser radiation in a range of 
high power lasers. 
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